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RIGIDITY OF THE MOD 2 FAMILIES SEIBERG-WITTEN
INVARIANTS AND TOPOLOGY OF FAMILIES OF SPIN
4-MANIFOLDS
TSUYOSHI KATO, HOKUTO KONNO, AND NOBUHIRO NAKAMURA
Abstract. We show a rigidity theorem for the Seiberg-Witten invariants mod 2 for
families of spin 4-manifolds. We also give a family version of 10/8-type inequality using
this rigidity theorem. As applications, we shall give a new series of non-smoothable
topological actions on some 4-manifolds, and also prove the existence of a non-smoothable
topological family of 4-manifolds whose fiber, base space, and total space are smoothable
as manifolds. As a consequence, it follows that the inclusion map Diff(M) →֒ Homeo(M)
is not a weak homotopy equivalence for a smooth 4-manifold M which is homeomorphic
to K3#nS2 × S2 with 0 ≤ n ≤ 3.
1. Introduction
The Seiberg–Witten invariant is an integer-valued differential topological invariant of
a Spinc 4-manifold, which is highly sensitive to the smooth structure. Nevertheless, if
the Spinc-structure is induced from a spin structure, one may expect a sort of “rigidity
theorem” for the Seiberg–Witten invariant mod 2. Namely, the value of the Seiberg–
Witten invariant mod 2 may depend only on some underlying topological structure of the
smooth manifold, say on its homotopy type. Such kind of results have been obtained by
Morgan–Szabo´ [29], Ruberman–Strle [38], Bauer [1] and Li [23, 24].
In this paper, we study a family version of their rigidity type results. Namely, for a given
family of spin 4-manifolds with some topological conditions, we consider the Z/2-valued
families Seiberg–Witten invariant, and verify that it depends only on weaker information
than what is a priori expected. Roughly speaking, we verify that under certain conditions,
the value of the invariant is determined by topological structure of its linearized map,
even though it is defined by a system of non-linear differential equations. This rigidity
theorem gives a quite strong constraint on smooth structure on families of 4-manifolds.
As applications, we shall give a new series of non-smoothable topological actions on some
4-manifolds, and also prove the existence of a non-smoothable family of 4-manifolds whose
fiber and base spaces, and the total space are all smoothable as manifolds. The latter
result implies a homotopical consequence on the inclusion from the diffeomorphism group
into the homeomorphism group of some 4-manifolds: let M be a smooth 4-manifold which
is homeomorphic to K3#nS2 × S2 with 0 ≤ n ≤ 3. Then the inclusion map between the
diffeomorphism group and the homeomorphism group
Diff(M) →֒ Homeo(M)
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is not a weak homotopy equivalence. To out best knowledge, this result has not been
known even for M = K3#nS2 × S2 with n > 0. We hope that our approach opens a new
direction of applications of gauge theory for families.
Let us explain some background of this work. The unparameterized gauge theory has
been so far used to detect various characteristics of smooth structure on a single 4-manifold.
On the other hand, the index theory, as a linear model of gauge theory, has been developed
not only for a single manifold, but also for a family of manifolds. The family index theory
played a crucial role in study of smooth structure in high dimensions, such as Lusztig’s
work on study of the signature theorem for families, which led to an affirmative solution
to the Novikov conjecture for free abelian groups [25]. It would be quite natural to try to
construct gauge theory for families of 4-manifolds and use it to investigate more delicate
properties of smooth structures on a 4-manifold. Such attempts have been started in
Ruberman [35–37] and Li–Liu [24], and developed by various authors. The first striking
application of gauge theory for families was given in [35], where Ruberman verified the
existence of a self-diffeomorphism on a certain 4-manifold which is topologically isotopic
but smoothly not isotopic to the identity map. In this paper, we shall use Seiberg–Witten
theory for families to detect both non-smoothable topological group actions on certain
4-manifolds and non-smoothable topological families of 4-manifolds. The former direction
of application has been studied by many authors, but our examples are still new. To our
knowledge, the latter result is totally a new direction in gauge theory. We will explain
them in more detail around Theorem 1.3 and Theorem 1.4.
Let us summarize the statements of our main theorem and its applications. Let B be
a closed smooth manifold, M a closed smooth 4-manifold equipped with a spin structure
s and M → X → B be a fiber bundle whose structure group is Diff+(M), the group
of diffeomorphisms preserving the orientation. Assume that X admits a fiberwise spin
structure sX whose fiber coincides with the given spin structure on M . We call it a global
spin structure modelled on s (See Subsection 2(ii)). In this situation, we have two real
bundles over B; H+ → B and indD, where the fiber of H+ is H+(M) which is a maximal-
dimensional positive definite subspace of H2(M ;R) with respect to the intersection form,
and indD is the virtual Dirac index bundle associated to X → B. Note that the Dirac
operator D is Pin(2)-equivariant since D is H-linear. We define the Pin(2)-action on H+
via the homomorphism Pin(2) → Pin(2)/S1 = {±1} and multiplication. Then indD and
H+ determines an element in the Pin(2)-equivariant KO-group:
α = α(X, sX) := [indD]− [H
+] ∈ KOPin(2)(B).
Let b+(M) := dimH
+(M).
If b+(M) ≥ dimB + 2, we can define the (mod 2) families Seiberg–Witten invariant
FSW Z2(X, sX) ∈ Z/2 on (X, sX) (See Subsection 2(iii)). The main theorem in this paper
claims that the value of FSW Z2(X, sX) depends only on α(X, sX) which is determined by
the linearized map of the families Seiberg–Witten equations:
Theorem 1.1 (Theorem 3.1). Let M1 and M2 be closed smooth 4-manifolds with spin
structures s1 and s2 respectively. Assume the following conditions:
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• b1(M1) = b1(M2) = 0, b+(M1) = b+(M2) ≥ dimB + 2.
• −
sign(Mi)
4
− 1− b+(Mi) + dimB = 0 (i = 1, 2).
For i = 1, 2, let Xi → B be a smooth fiber bundle whose fiber is Mi equipped with a global
spin structure sXi modelled on si.
If α(X1, sX1) = α(X2, sX2) holds in KOPin(2)(B), then the equality
FSW Z2(X1, sX1) = FSW
Z2(X2, sX2)
holds.
In general it will not be easy to calculate the value of FSW Z2(X, s), since it is given by
counting all the set of solutions to a system of the non-linear partial differential equations.
In contrast, α(X, sX) is much easier to handle. This reduction of computability allows us
to yield some interesting applications as below.
Combining the rigidity result Theorem 1.1 with a non-vanishing theorem for a specific
family of 4-manifolds in [5], we can obtain non-vanishing families Seiberg–Witten invariants
for broader families. Then by a family version of the argument in [15], this non-vanishing
result gives a better 10/8-type inequality. As an instance we will verify the following
Theorem 1.2. Let ℓ be the unique non-trivial real line bundle over S1, and πi : T
n =
S1× · · · ×S1 → S1 be the projection to the i-th component. Let us define the real bundle
ξn over T
n by
ξn = π
∗
1ℓ⊕ · · · ⊕ π
∗
nℓ.
Theorem 1.2 (Corollary 3.10). Let M be a 4-manifold with sign(M) = −16 and b1(M) =
0. Let s be a spin structure on M and f1, . . . , fn be diffeomorphisms on M . Let H
+ → T n
be the bundle of H+(M) associated to the multiple mapping torus of f1, . . . , fn.
Suppose that each of f1, . . . , fn preserves s, and that supp f1, . . . , supp fn are mutually
disjoint. Suppose moreover that there exists a non-negative integer a with an isomorphism
H+ ∼= ξn ⊕ R
a.
Then the inequality
b+(M) ≥ n+ 3
holds.
Notice that in general any diffeomorphism has to preserve orientation if the signature
is non zero. Let us give a comment on Theorem 1.2. Let K3 be the K3 surface. Recall
that b+(K3) = 3 and it admits no diffeomorphisms reversing orientation of H
+(K3). A
typical case in Theorem 1.2 is M = K3#nS2 × S2 with b+(M) = n + 3. Surely it admits
diffeomorphisms whose supports are mutually disjoint, such that they reverse orientation of
H+(K3#nS2×S2). Moreover the bundle H+ associated to the mapping torus of f1, . . . , fn
is ξn. It follows from the estimate on b+ in Theorem 1.2 that even when H
+ is stablely
equivalent to ξn, still we cannot eliminate the part corresponding to “nS
2 × S2”.
Theorem 1.2 and its generalization Theorem 3.8 are strong enough to discover remarkable
properties of some 4-manifolds on both non-smoothable actions and their families. Let
us denote by E8 the (unique) closed simply connected oriented topological 4-manifold
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whose intersection form is the (positive definite) E8-lattice. On the topological 4-manifold
2(−E8)#mS
2×S2 with m ≥ 3, we shall construct non-smoothable Zm−2-actions, which is
detected by Theorem 1.2. Note that the 4-manifold 2(−E8)#mS
2 × S2 is homeomorphic
to K3#(m− 3)S2 × S2 and hence admits a smooth structure.
Theorem 1.3 (See Theorem 4.1). Let m ≥ 3 and [m] = {1, 2, . . . , m}. The topological
(but smoothable) 4-manifold M defined by
M = 2(−E8)#mS
2 × S2
admits commuting self-homeomorphisms f1, . . . , fm with the following properties: Let I =
{i1, . . . , ik} be an arbitrary subset of [m] with the cardinality |I| = k.
• If k ≤ m − 3, then there exists a smooth structure on M such that fi1, . . . , fik are
diffeomorphisms with respect to the smooth structure.
• If k ≥ m− 2, then there exists no smooth structure on M such that all fi1 , . . . , fik
are diffeomorphisms with respect to the smooth structure.
Non-smoothable group actions on 4-manifolds has been studied by many authors. So far
the main tool to detect them was to use equivariant gauge theory, but the third author of
this paper found that gauge theory for families can also be used to study non-smoothable
actions in [30], and this direction was developed by Baraglia [3]. Our proof of Theorem 1.3
is quite different from [30] and [3], since it is based on Theorem 1.2. Moreover the result
itself is new. We will compare the result of Theorem 1.3 with previous researches in
Remark 4.2 in detail.
Let us restate a question whether a given topological action of a group G on a topo-
logical 4-manifold M is non-smoothable in terms of algebraic topology. It asks whether
there exists a smooth structure on M such that the homomorphism ρ : G → Homeo(M)
into the homoemorphism group corresponding to the group action factors through the
diffeomorphism group Diff(M) with respect to the smooth structure via the inclusion
Diff(M) →֒ Homeo(M):
Diff(M)
 _

G
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t
t
t
t
t
t
ρ
// Homeo(M).
In this paper, we study a related but more subtle case. We shall present non-smoothable
families of 4-manifolds whose fibers are smoothable. Hence they are topological bundles
whose fibers are smoothable 4-manifolds, but they are not smoothable as bundles. Let us
clarify the meaning by “non-smoothable” for topological families. Let M be an oriented
topological manifold (possibly smoothable), B be a smooth manifold and M → X → B
be a fiber bundle whose structure group is in Homeo(M). We say that the bundle X
is non-smoothable as a family or X has no smooth reduction if for any smooth structure
on M there is no reduction of the structure group of X to Diff(M) via the inclusion
Diff(M) →֒ Homeo(M). Here Homeo(M) and Diff(M) are equipped with the compact
open topology and the C∞-class compact open topology, respectively. In terms of algebraic
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topology, we say that X is non-smoothable as a family, if there is no lift of the classifying
map ϕ : B → B Homeo(M) of X to BDiff(M) along the natural map BDiff(M) →
B Homeo(M):
BDiff(M)

B
99
s
s
s
s
s
s
ϕ
// B Homeo(M)
with respect to any smooth structure on M .
Note that in principle non-smoothable families are harder to detect than non-smoothable
actions. For a topological group action ρ : G → Homeo(M), if one can show that ϕ :=
Bρ : BG → B Homeo(M) is non-smoothable as a family, then we can deduce that ρ is
non-smoothable as a group action, but there is no backward way in general. This is clear if
we consider just a single homeomorphism f and its mapping torus over S1. The Z-action
by f is a non-smoothable group action if and only if f is not a diffeomorphism for any
smooth structure, and the mapping torus by f is a non-smoothable family if and only if f
is not isotopic to a diffeomorphism for any smooth structure.
Note that, for arbitrary closed manifold M of dimension ≤ 3, the inclusion Diff(M) →֒
Homeo(M) is a weak homotopy equivalence. (One can check directly both the cases of
dimension 1 and dimension 2 with genus less than 2, and the case of dimension 2 and
genus greater than 1 can be reduced to a consideration about the mapping class groups
(see, for example, [10]). For the 3-dimensional case, see Hatcher [16].) Therefore, the lifting
problem from B Homeo(M) to BDiff(M) is trivial when dimM ≤ 3. The dimension 4
is the smallest case when this problem is non-trivial. In fact, even for a basic 4-manifold
M , the inclusion Diff(M) →֒ Homeo(M) may be not a weak homotopy equivalence. For
example, the natural map π0(Diff(K3)) → π0(Homeo(K3)) is not surjective, and hence
the inclusion Diff(K3) →֒ Homeo(K3) is not a weak homotopy equivalence. (This follows
Donaldson’s result in § VI (i) of [9] and Quinn’s result 1.1 Theorem in [34].) Therefore
it would be of particular interest to measure homotopical difference between Diff(M) and
Homeo(M) for 4-manifolds M . We shall attack this problem from the point of view of the
lifting problem explained above.
Surely we can get a non-smoothable family over S1, if we construct the mapping torus
by using a non-zero homeotopy class in the cokernel of π0(Diff(K3)) → π0(Homeo(K3)).
However, to our knowledge, non-smoothable bundles over higher dimensional base spaces
and the problem of smoothing on the total spaces do not seem to have been discussed so
far. Below we shall construct non-smoothable families over the torus T n for n ∈ {1, . . . , 4}
whose fibers are the topological (but smoothable) 4-manifolds 2(−E8)#mS
2 × S2 with
m = n+ 2. Moreover, we shall ensure that the total spaces of the families are smoothable
as manifolds.
Let [m] = {1, 2, . . . , m}. For the m-torus Tm and a subset I = {i1, . . . , ik} ⊂ [m] with
the cardinality |I| = k, denote by T kI the k-torus embedded in T
m by taking the product
of the i1, . . . , ik-th S
1-components.
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Theorem 1.4 (Theorem 4.3). Let 3 ≤ m ≤ 6. Let M be the topological (but smoothable)
4-manifold defined by
M = 2(−E8)#mS
2 × S2.
Then there exists a Homeo(M)-bundle M → X → Tm over the m-torus with the following
properties: Let I = {i1, . . . , ik} be an arbitrary subset of [m] with the cardinality |I| = k.
• The total space X admits a smooth manifold structure.
• If k ≤ m− 3, the restricted family
X|T k
I
→ T kI
has a smooth reduction for some smooth structure on M .
• If m− 2 ≤ k ≤ m, the restricted family,
X|T k
I
→ T kI
has no smooth reduction.
To our knowledge, this paper is the first one in which families gauge theory is applied to
detect a non-smoothable family of 4-manifolds. Non-smoothablity as families is detected
by Theorem 3.8, which generalizes Theorem 1.2. To apply this theorem, our argument uses
a famous result by Novikov on topological invariance of rational Pontryagin classes. While
smoothability as manifolds is verified by using Kirby–Siebenmann theory. After Donaldson
appeared, the idea to combine Freedman’s theory with (unparameterized) gauge theory has
successfully produced plenty of examples of non-smoothable 4-manifolds, which is one of
the deepest results in 4-dimensional topology. Our approach to construct non-smoothable
families in this paper is based on a parallel strategy but is a family version of it.
From the last property of X in Theorem 1.4, the non-smoothability as a family, we
immediately obtain:
Corollary 1.5. For 0 ≤ n ≤ 3, let M be a smooth 4-manifold which is homeomorphic to
K3#nS2 × S2. Then
Diff(M) →֒ Homeo(M)
is not a weak homotopy equivalence.
Here are three remarks on Corollary 1.5.
Remark 1.6. The result in the case that n = 0 of Corollary 1.5 follows also from the
combination of Morgan–Szabo´ [29] and Quinn [34], however, to our best knowledge, the
result in the case that n > 0 are new even for M = K3#nS2 × S2. To see that the case
that n = 0 follows from [29] and [34], consider the unique spin structure on a smooth
4-manifold homeomorphic to K3. This 4-manifold has non-zero Seiberg–Witten invariant
for the spin structure by [29], and from this we can deduce that there does not exist
an orientation-preserving diffeomorphism which reverses the orientation of H+. Besides
the standard K3, Ruberman [35] verified that on many non-spin 4-manifolds there exist
diffeomorphisms which are topologically but not smoothly isotopic to the identity. The
argument was generalized in [5], and we can ensure that there exists such a diffeomorphism
on 2aCP2#b(−CP2) for a ≥ 2, b ≥ 10a+1 and nK3#nS2×S2 for n ≥ 2. Therefore we can
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deduce that Diff(2aCP2#b(−CP2)) →֒ Homeo(2aCP2#b(−CP2)) and Diff(nK3#nS2×
S2) →֒ Homeo(nK3#nS2×S2) are not weak homotopy equivalences for a ≥ 2, b ≥ 10a+1
and n ≥ 2. However, the result of Corollary 1.5 cannot be obtained from these results and
techniques.
Remark 1.7. We note that there exist exotic K3#nS2 × S2 not only for n = 0, therefore
the assertion in Corollary 1.5 is applied to broader class of smooth four manifolds than
K3#nS2 × S2. To see the existence of exotic K3#nS2 × S2 for some positive n, we may
use a result of Park–Szabo´ [32]. By Theorem 1.1 or Proposition 3.2 of [32], we may ensure
that there exist exotic K3#2k(S2 × S2) for all k > 0.
Remark 1.8. By results of Wall [43] and Quinn [34], any algebraic automorphism of the
intersection form of K3#nS2 × S2 is realized both by a homeomorphism and a diffeomor-
phism for n ≥ 1. Therefore we cannot find any difference between Diff(K3#nS2×S2) and
Homeo(K3#nS2 × S2) just by looking at the actions of them on the intersection form.
Furthermore, combining Theorem 1.4 with an observation relating to results of Wall [43]
and Quinn [34] (Proposition 4.8), we can also obtain information about a sort of quotient
of Homeo(M) divided by Diff(M) for M = K3#S2 × S2. To be precise, since Diff(M) is
not closed in Homeo(M) with respect to a natural topology such as the C0-topology, we
consider the homotopy quotient
Homeo(M)  Diff(M) := (E Diff(M)× Homeo(M)) /Diff(M).
Our result on the homotopy quotient is:
Theorem 1.9 (Corollary 4.9). We have
π1(Homeo(K3#S
2 × S2)  Diff(K3#S2 × S2)) 6= 0.
As a further research direction, once we can establish a Bauer–Furuta version of [5],
then we may get results on non-smoothable actions and families on any spin 4-manifold
with signature −32 by following the same story of this paper. However, in fact, we are
also considering to develop a way to deal with more general b+. We hope that this project
leads us to produce many interesting examples of non-smoothable actions and families of
4-manifolds.
A brief outline of the contents of this paper is as follows. In Section 2, we shall recall
some basic materials on the families Seiberg–Witten invariant. In Section 3, we shall
prove the main theorem in this paper, the rigidity theorem, and its consequences, such
as a 10/8-type inequality. In Section 4, we shall give two applications, non-smoothable
actions and families, of the results given in Section 3. Sections 5 and 6 are devoted to
prove some technical results needed to establish the applications in Section 4. The main
tools in Sections 5 and 6 are Kirby–Siebenmann theory. In Sections 5, we shall calculate
the Dirac index bundle. More precisely, we shall give a couple of sufficient conditions for
families of spin 4-manifolds to have trivial index bundles. In Section 6, we shall show
the smoothability as a manifold of the total space of the non-smoothable families given in
Section 4.
8 TSUYOSHI KATO, HOKUTO KONNO, AND NOBUHIRO NAKAMURA
Acknowledgement. The authors would like to thank Yosuke Morita for helpful conver-
sations on Proposition 4.8. The authors would also appreciate giving useful comments
on algebraic topology to Yuli Rudyak and Daisuke Kishimoto. The authors also wish to
thank Mikio Furuta for pointing out a mistake in an earlier version of this preprint, and
also wish Ko Ohashi and Yukio Kametani for helpful comments and discussion. Tsuyoshi
Kato was supported by JSPS Grant-in-Aid for Scientific Research (B) No.17H02841 and
JSPS Grant-in-Aid for Scientific Research on Innovative Areas (Research in a proposed
research area) No.17H06461. Hokuto Konno was partially supported by JSPS KAKENHI
Grant Number 16J05569 and the Program for Leading Graduate Schools, MEXT, Japan,
and further, a part of this work was done under RIKEN Special Postdoctoral Researcher
program. Nobuhiro Nakamura was supported by JSPS Grant-in-Aid for Scientific Research
(C) No.19K03506.
2. Monopole map
In this section, we shall recall some basic materials on the families Seiberg–Witten
invariants.
2(i). Seiberg-Witten equations with j-action. We give a brief review on the Seiberg-
Witten equations on spin structures in the unparameterized setting. The special feature of
the Seiberg-Witten equations on a spin structure is that the theory has an extra symmetry
of j-action. We refer the readers to [28] for the generality of the Seiberg-Witten equations,
and [2, 12, 13] for the monopole maps on spin structures.
Let M be a closed Riemannian 4-manifold with a spin structure s. Let S = S+ ⊕
S− be the spinor bundle. Note that S has a quaternionic structure, in particular, the
multiplication of j is defined. The j-action is anti-linear with respect to the complex
structure of S. Let T be the tangent bundle TM and identify T with the contangent
bundle T ∗M by the metric. Let C(T ) be the Clifford bundle of T . The bundle C(T ) is
identified with the bundle of exterior product, Λ∗T . The Clifford multiplication is given
by a bundle morphism
ρ : Λ∗T → EndR(S).
This means that, for v ∈ Λ∗Tx, ρ(v) is an endomorphism of Sx, where Tx, Sx are the fibers
over x. The spinor bundle has a Z2-grading, S = S
+⊕S−, and also Λ∗T = ΛevenT ⊕ΛoddT .
If v is in ΛevenT , ρ(v) preserves the components, S+ and S−. If v ∈ ΛoddT , then ρ(v)
switches the components.
The Clifford multiplication ρ(v) commutes with the j-action:
ρ(v)j = jρ(v).
The complexified Clifford multiplication is also defined:
ρ : Λ∗T ⊗R C→ EndC(S),
and this anti-commutes with the j-action, that is, for v ⊗ c ∈ Λ∗T ⊗R C,
ρ(v ⊗ c)j = jρ(v ⊗ c¯).
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The Levi-Civita connection on T induces a spin connection ∇0 on S, and the spin Dirac
operator
D0 : Γ(S
+)→ Γ(S−)
is defined by
D0 =
∑
i
ρ(ei)(∇0)ei ,
where {ei} is a local orthonormal frame of T . Then D0 commutes with j. Note that the
spin connection ∇0 induces a trivial flat connection A0 on L0 = detS
+ ∼= M × C. The
j-action on S+ induces the j-action on L0 given by complex conjugation. Let A be a
U(1)-connection on L0 other than A0. If we write A as A = A0+a for an imaginary-valued
1-form a ∈ iΩ1(M), then the j-action on L0 induces the j-action on U(1)-connections given
by
j · A = j · (A0 + a) = A0 − a.
For a U(1)-connection A = A0 + a, we have a unique Spin
c(4)-connection ∇0 +
a
2
on S
which induces the Levi-Civita connection on T , and A on L0. We have the Dirac operator
associated with ∇0 +
a
2
as follows:
DAφ = D0φ+
1
2
ρ(a)φ.
In fact, DA is a Dirac operator on the Spin
c-structure associated to the spin structure s.
Note that DA is j-equivariant in that
D(j·A)(jφ) = jDAφ.
As mentioned above, ρ(v) for even degree v preserves the components S±. In particular,
it can be seen that ρ(v) for a self-dual 2-form v is an endomorphism of S+, that is,
ρ(Λ2+T ⊗ C) ⊂ EndC(S
+).
Proposition 2.1 ([28, Lemma 4.1.1]). For φ ∈ Γ(S+), define the traceless endomorphism
q(φ) by
q(φ) = φ⊗ φ∗ −
|φ|2
2
id .
Then q(φ) is identified with a section of Λ2+(T )⊗ iR.
Now we can write down the Seiberg-Witten equations:
(2.2)
{
DAφ =0,
F+A =q(φ),
where F+A is the self-dual part of the curvature of A. If we write A = A0 + a, (2.2) is
rewritten as 
DA0φ+
1
2
ρ(a)φ =0
d+a− q(φ) =0
10 TSUYOSHI KATO, HOKUTO KONNO, AND NOBUHIRO NAKAMURA
As we have already seen, the first equation is j-equivariant. Since
FjA = FA0−a = −da, q(jφ) = −q(φ),
the second equation is also j-equivariant.
The gauge transformation group G = Map(M,U(1)) acts on (A, φ) by
u(A, φ) = (A− 2u−1du, uφ).
Then the Seiberg-Witten equations (2.2) are G-equivariant. The gauge action anti-commutes
with the j-action:
u(x)j = ju(x) for x ∈M.
The moduli space of solutions is the set of gauge equivalence classes of solutions:
M = {solutions to (2.2)}/G.
Roughly speaking, the Seiberg-Witten invariant is defined by “counting #M” in a certain
sense. Furthermore the number “#M” can be considered as the “mapping degree” of a
map, called the monopole map, whose zero set is essentially M. (Precise meaning of these
will be explained later.) The monopole map is defined by
(2.3)
m : iΩ1(M)⊕ Γ(S+)→ i(Ω0∗ ⊕ Ω
+)(M)⊕ Γ(S−)
m(a, φ) = (d∗a, d+a− q(φ), DA0φ+
1
2
ρ(a)φ),
where Ω0∗(M) = Im(d
∗ : Ω1(M) → Ω0(M)). The map m is decomposed into the sum
m = l + c of the linear map l = (d∗, d+, DA0) and the quadratic part c given by c(a, φ) =
(0,−q(φ), 1
2
ρ(a)φ). For the purpose of carrying out a suitable analysis, we take the L2k-
completion (k ≥ 4) of the domain, and the L2k−1-completion of the target, and extend m to
the completed spaces. The completed damain and target are denoted by U ′ and U . Then
m : U ′ → U is a smooth map between these Hilbert spaces. The linear part l is a Fredholm
map of index
−
sign(M)
4
+ b1(M)− b+(M),
and c is a compact map.
We take the L2k+1-completion of the gauge group G. Then the G-action is smooth. The
space ker(d∗ : iΩ1(M)→ iΩ0(M)) is a global slice of the G-action at (0, 0), and we have
m−1(0) = {solutions to (2.2)} ∩ ker d∗.
The slice ker d∗ still has a partial gauge symmetry. Let Harm(M,S1) be the kernel of the
composition of the maps
L2k+1(Map(M,S
1))
d
→ L2k(iΩ(M))
d∗+d+
→ L2k−1(i(Ω
0 ⊕ Ω+)(M)).
Then m is Harm(M,S1)-equivariant, and we can identify
M = m−1(0)/Harm(M,S1).
We also have an identification
Harm(M,S1) = S1 ×H1(M ;Z),
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which is obtained by fixing a splitting of the exact sequence
1→ S1 → Harm(M,S1)→ H1(M ;Z)→ 0.
The monopole mapm is also j-equivariant, when j acts on the spaces iΩ∗(M) of imaginary-
valued forms by multiplication of −1. The j action anti-commutes with the Harm(M,S1)-
action in the sense that
j(z, a) = (z¯,−a)j
for (z, a) ∈ S1 ×H1(M ;Z).
Now we assume b1(M) = 0. Then Harm(M,S
1) = S1, and m is 〈S1, j〉 = Pin(2)-
equivariant. Since M = m−1(0)/S1, the j-action descends to a Pin(2)/S1 = {±1}-action
on M. In the case when M is a homotopy K3 surface, Morgan-Szabo´ [29] proved the
Seiberg-Witten invariant of M for the spin structure is odd by analysing the {±1}-action
onM. We shall generalize the argument to the case of families of spin 4-manifolds. In the
course of it, the monopole map for a family is introduced, and the Seiberg-Witten invariant
for a family [24] is reformulated as the “mapping degree” of it. Since the monopole map
is a map between infinite dimensional spaces, the mapping degree is not defined directly,
but the finite dimensional approximation ([1, 2, 12, 13]) of it is used as in [6].
2(ii). Spin families. Let M be a closed oriented smooth 4-manifold with a spin structure
s. Let π : X → B be a locally trivial fiber bundle over a closed manifold B with fibers
diffeomorphic to M . We assume that the structure group of π : X → B is in the group
of orientation-preserving diffeomorphisms of M . Let T (X/B) be the tangent bundle along
the fibers and choose a metric on T (X/B). We consider the situation that T (X/B) admits
a spin structure sX whose restriction on each fiber is isomorphic to s. We call such a spin
structure sX a global spin structure modelled on s. If we start with a 4-manifold M with
Spinc-structure sc, a global Spinc structure modelled on sc is similarly defined.
Next let us discuss when T (X/B) admits a global spin structure. Let Diff(M, [s]) be
the group of orientation-preserving self-diffeomorphisms f : M →M such that the pulled-
back spin structures f ∗s are isomorphic to s. Let Aut(M, s) be the group of pairs (f, fˆ),
where f ∈ Diff(M, [s]) and fˆ is an automorphism of s covering f . Then we have an exact
sequence
1→ G(s)→ Aut(M, s)→ Diff(M, [s])→ 1,
where G(s) is the gauge transformation group of the spin structure s, i.e., the group of
automorphisms of s covering idM . Note that G(s) ∼= {±1}. Taking the classfying spaces,
we obtain a fibration
BG(s)→ B Aut(M, s)→ BDiff(M, [s]).
The isomorphism class of a family π : X → B with a global spin structure on T (X/B) mod-
elled on s is determined by the homotopy class of the classifying map ρ˜ : B → B Aut(M, s).
Suppose a map ρ : B → BDiff(M, [s]) is given. Since BG(s) = BZ2 ∼= RP
∞, there exists
a sole obstruction to lift ρ to a map ρ˜ : B → B Aut(M, s) in H2(B;Z/2). The obstruction
class is denoted by O(ρ). When a diffeomorphism f belongs to Diff(M, [s]), we just say
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that f preserves s to avoid complication, although to be precise it should be said that f
preserves [s].
Suppose we have a family of commuting orientation-preserving self-diffeomorphisms
f1, . . . , fn on M such that f
∗
i s
∼= s. We can form a multiple mapping torus X = Xf1,...,fn
over B = T n with classifying map ρ : T n → BDiff(M, [s]). The obstruction O(ρ) is also
denoted by O(f1, . . . , fn).
Proposition 2.4. The obstruction class O(f1, . . . , fn) ∈ H
2(T n;Z/2) is zero if and only
if f1, . . . , fn admit their lifts fˆ1, . . . , fˆn to the spin structure s which mutually commute.
Proof. If the lifts commute, then we can obviously construct a global spin structure by
patching a product spin structure on M × [0, 1]n by the lifts. Therefore O(f1, . . . , fn) = 0.
Conversely, suppose O(f1, . . . , fn) = 0. Let C be the CW complex with one 0-cell and
one 1-cell which forms a circle. Let C1, . . . , Cn be the copies of C. Assume the cell structure
of the base space T n is given by the product of C1, . . . , Cn. Then
• the 1-skelton is the wedge sum of C1, . . . , Cn,
• there is a bijection between the set of 2-cells and the set of pairs (i, j) (i 6= j) by
the correspondence that each pair (i, j) corresponds to a unique 2-cell Dij bounded
by the wedge sum Ci ∨ Cj.
A choise of the lifts fˆi for fi determines a global spin structure on π
−1(1-skelton) by
identifying the spin structures on the endpoints of the 1-cells via fˆi. The class O(f1, . . . , fn)
is the obstruction to extend such a spin structure on π−1(1-skelton) to π−1(2-skelton). To
extend the spin structure on π−1(Ci ∨Cj) to π
−1(Dij), the monodromy fˆifˆj fˆ
−1
i fˆ
−1
j should
be 1. 
Definition 2.5. Let (M, s) be a spin 4-manifold. A family of self-diffeomorphisms f1, . . . , fn
on M is called spin commuting when
(1) f1, . . . , fn commute each other,
(2) each fi preserves the orientation of M and the spin structure s,
(3) O(f1, . . . , fn) = 0, or equivalently, there are commuting lifts fˆ1 . . . fˆn.
If a family of spin commuting diffeomorphisms f1, . . . , fn is given, then we can form a
multiple mapping torusX = Xf1,...,fn with fibersM which admits a global spin structure sX
modelled on s. We call (X, sX) the spin mapping torus associated with the spin commuting
diffeomorphisms f1, . . . , fn.
Let us give a sufficient condition for vanishing of O(f1, . . . , fn). For a self-diffeomorphism
f on M , we define the support of f by
supp f := {x ∈M | f(x) 6= x}.
Lemma 2.6. Let (M, s) be a spin manifold, and f1, . . . , fn be commuting diffeomorphisms
on M preserveing the orientation of M and s. If supp f1, . . . , supp fn are mutually disjoint,
then O(f1, . . . , fn) = 0 holds.
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Proof. Because of Proposition 2.4, it suffices to show that there exist commuting lifts
fˆ1, . . . , fˆn of f1, . . . , fn to the spin structure. Recall that we have an exact sequence
1→ G(s)→ Aut(M, s)→ Diff(M, [s])→ 1.
Let f˜1, . . . , f˜n ∈ Aut(M, s) are lifts of f1, . . . , fn. For each i ∈ {1, . . . , n}, the lift f˜i lives
in the (spin) gauge group outside supp fi:
f˜i|M\supp fi ∈ G(s|M\supp fi) = Map(M \ supp fi,Z/2)
∼= Z/2 = {±1}.
Define fˆi ∈ Aut(M, s) as f˜i if f˜i|M\supp fi = 1, and as −1 · f˜i if f˜i|M\supp fi = −1. Then
fˆ1, . . . , fˆn have the disjoint supports each other, and hence mutually commute. 
We note that, on the other hand, the obstruction class O(f1, . . . , fn) may be non-trivial
for some case of f1, . . . , fn.
Example 2.7. An example of a multiple mapping torusX → T n with nonzero O(f1, . . . , fn)
is given as follows. Let M be T 3 equipped with the spin structure s0 with trivial Spin(3)-
bundle. The two-to-one homomorphism h : Spin(3) → SO(3) is given by the action of
Spin(3) = Sp(1) on ImH by conjugation. Then the multiplication of
h(i) =

1 0 00 −1 0
0 0 −1

 and h(j) =

−1 0 00 1 0
0 0 −1


on R3 induces a pair (f1, f2) of commuting diffeomorphisms on T
3. Their lifts fˆ1, fˆ2 to s0
anticommute since ij = −ji. Therefore O(f1, f2) is not zero.
So far we have considered the case of diffeomorphisms, however we can also consider its
topological analogue. Namely, we can consider topological spin structures as discussed in
[30] and also discuss an obstruction O(f1, . . . , fn) to the lifting problem to topological spin
structures for given commuting homeomorphisms f1, . . . , fn. By a parallel argument, we
have a topological version of Lemma 2.6:
Lemma 2.8. Let M be an oriented topological manifold, s be a topological spin structure
on M , and f1, . . . , fn be commuting homeomorphisms on M preserveing the orientation of
M and s. If supp f1, . . . , supp fn are mutually disjoint, then O(f1, . . . , fn) = 0 holds.
2(iii). Families Seiberg–Witten invariants. One can define a family version of the
Seiberg–Witten invariant by counting the members in the parameterized moduli space,
which was initially introduced by Li–Liu [24]. We can reformulate it as the mapping
degree of a finite dimensional approximation of the monopole map for a family of (spin)
4-manifolds. For a closed spin 4-manifold M with b1 = 0, let m : U
′ → U be the Sobolev
completed monopole map in §2(i). Recall m is Pin(2)-equivariant when b1(M) = 0.
For a family π : X → B with a global spin structure sX , we can construct a family of
monopole maps
µ˜ : A → C
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where A and C are the Hilbert bundles over B with fibers U ′ and U , and µ˜ is a fiber-
preserving map whose restriction on each fiber is identified with the monopole map m.
It is convenient to trivialize C ∼= B × U by Kuiper-Segal’s theorem [21], [41]. Define
µ : A → U by the composition of µ˜ with the projection C ∼= B × U → U . The map µ
satisfies the following important property, when B is compact.
Proposition 2.9 ([2]). The preimage µ−1(O) of a bounded set O ⊂ U is contained in some
bounded disk bundle, if B is compact.
This can be verified by straightforwardly extending the argument in [2, Proposition 3.1].
So the map µ is extended to the map
µ+ : TA → SU ,
where TA is the Thom space and SU is the one-point compactification of U .
For the family π : X → B, we have a vector bundle H+ over B whose fiber over b ∈ B is
the space H+(Mb) of harmonic self-dual 2-forms on Mb = π
−1(b). We call H+ the bundle
of H+(M). The index bundle indD of the family of Dirac operators on the spin family
X → B is defined in KOG(B). Here we assume G = Pin(2) or its subgroup S
1.
Let L : A → C be the family of linear parts of µ, which is a fiberwise linear map whose
restriction on each fiber is l. Then denote
α := [indL] = [indD]− [H+] ∈ KOG(B).
Choose a finite dimensional trivial vector subbundle F ′ = V = B × V ⊂ C, and let
F = L−1(F ′). Then α = [F ]− [F ′] holds and the image of F by L is contained in V . On
the other hand, the image of F by the nonlinear part µ−L is not necessarily contained in V .
We want to project the image of µ on V . Let S(V ⊥) be the unit sphere in the orthogonal
complement V ⊥ of V . The inclusion SV → SU \S(V ⊥) is a deformation retract, and let ρV
be a retracting map. The finite dimensional approximation of the monopole map is defined
by
f = ρV ◦ µ|TF : TF → V.
By [2], the above construction defines a well-defined class [f ] in the stable cohomotopy set
(2.10) {T (indD −H+), S0}GU = colim
U⊂V ⊥
[SU ∧ TF, SU ∧ SV ]G.
The class [f ] is the stable cohomotopy Seiberg–Witten invariant for the family π : X → B.
When G = S1, the universe U consists of C on which S1 acts by multiplication, and the
trivial real 1-dimensional S1-representation R as irreducible summands. In this case, the
stable cohomotopy set (2.10) is a group. The bundle F is an S1-equivariant bundle with
fiber Cx+2a ⊕ Ry over B and V = Cx ⊕ Ry+b for nonnegative integers x, y, and
a = −
sign(M)
16
, b = b+(M).
When G = Pin(2), the universe U consists of H on which Pin(2) acts by multiplication,
and the real 1-dimensional nontrivial Pin(2)-representation R˜ as irreducible summands. In
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this case, F is a Pin(2)-equivariant bundle with fiber Hx+a⊕ R˜y over B and V = Hx⊕ R˜y+b
for nonnegative integers x, y.
Suppose
(2.11) b+(M) ≥ dimB + 2.
Let Ci be the mapping cone of the inclusion i : TF S
1
→ TF of the S1-fixed point set. We
have a long exact sequence associated with the cofiber sequence TF S
1
→ TF → Ci,
{S1 ∧ TF S
1
, SV }GU → {Ci, S
V }GU → {TF, S
V }GU → {TF
S1, SV }GU .
Since the first and the last terms are both trivial by the assumption (2.11), the cohomotopy
invariant [f ] can be regarded as an element of {Ci, SV }GU . Following [1], we let [TF, S
V ]Gq
be the set of homotopy classes of maps g : TF → SV such that g|TFS1 = f |TFS1 . Under
the assumption (2.11), choosing sufficiently large F , V , we can identify
{T (indD − [H+]), S0}GU
∼= [TF, SV ]Gq .
Suppose
d := −
sign(M)
4
− 1− b+(Mi) + dimB = 0.
This means that
rankF + dimB − dimV = 1,
and therefore the preimage of f is 1-dimensional. In the case when G = S1, we define the
(mod 2) degree homomorphism,
[TF, SV ]S
1
q → Z2, f 7→ deg f mod 2,
as follows ([2, Proposition 3.3]): By perturbing f , the image of f |TFS1 is contained in
a subspace of SV
S
1
of codimension b+(M) − dimB ≥ 2. A choice of a generic point
v ∈ SV
S
1
\
(
Im f |TFS1
)
makes the preimage f−1(v) a compact 1-manifold with free S1-
action. Then deg f is the number modulo 2 of the components of f−1(v)/S1.
Now our definition of the Z2-valued families Seiberg–Witten invariant FSW
Z2(X, sX) is
FSW Z2(X, sX) = deg f mod 2.
Remark 2.12. For a single 4-manifold, the moduli space is always orientable and the Z-
valued Seiberg–Witten invariants can be defined. On the other hand, the moduli space for
a family of 4-manifolds may be nonorientable. Therefore only the Z2-valued invariants can
be defined in general.
Remark 2.13. We defined the families Seiberg–Witten invariant as the mapping degree of a
finite dimensional approximation of the family of Seiberg–Witten equations. On the other
hand, the definition of the families Seiberg–Witten invariant by Li–Liu [24] is given by
counting of the parameterized moduli space. In [6], it was shown that these two definitions
are equivalent. Moreover, it turns out we even do not need any smooth structure to the
base space direction to define the families Seiberg–Witten invariant. More precisely, if we
have a continuous map B → B Aut(M, s), then we can define the families Seiberg–Witten
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invariant for the bundle corresponding to the map. This also can be understood from
a construction of the families Seiberg–Witten invariant for a 4-manifold bundle over an
arbitrary topological space in [20] based on Ruan’s virtual neighborhood technique.
3. Main theorem
In this section, we shall give the main theorem in this paper and its consequences.
Theorem 3.1 is the main theorem which states a rigidity theorem for the families Seiberg–
Witten invariants on families of spin 4-manifolds. In Corollary 3.6, we summarize a non-
vanishing result for non-specified families, combining Theorem 3.1 with a non-vanishing
result Proposition 3.5 in [5] for a specific family. Theorem 3.8 gives a constraint on b+ of
the fiber of a fiber bundle of spin 4-manifolds satisfying certain conditions. This is a family
analogue of Furuta’s 10/8-inequality [12]. This is verified by combining, the argument in
the proof of Theorem 3.1, the non-vanishing result Proposition 3.5, and an argument to
verify the 10/8-inequality given in [15] together.
Let us state the main theorem in this paper:
Theorem 3.1. Let B be a closed smooth manifold. Let M1 and M2 be closed smooth
4-manifolds with spin structures s1 and s2 respectively satisfying the following:
• b1(M1) = b1(M2) = 0, b+(M1) = b+(M2) ≥ dimB + 2.
• −
sign(Mi)
4
− 1− b+(Mi) + dimB = 0 (i = 1, 2).
For i = 1, 2, let Xi → B be a smooth fiber bundle with fibers Mi equipped with a global spin
structures sXi modelled on si. Let indDi be the virtual index bundle of the family of Dirac
operators for sXi. Let H
+
i → B be the bundle with fibers H
+(Mi) associated to Xi. Let
αi = [indDi]− [H
+
i ] ∈ KOPin(2)(B). If α1 = α2 then we have
FSW Z2(X1, sX1) = FSW
Z2(X2, sX2).
Proof. The monopole map for each (Xi, sXi) defines a class βi in [TF, S
V ]
Pin(2)
q such that
[F ]− [V ] = α1 = α2.
We use the same symbol βi for the image of them by the forgetful map
[TF, SV ]Pin(2)q → [TF, S
V ]S
1
q .
To analyse the forgetful map, we use the equivariant obstruction theory. (See Appendix.)
Since F is a Pin(2)-equivariant vector bundle over a smooth compact manifold B, a struc-
ture of Pin(2)-equivariant CW complex on TF can be given. Let U = TF/S1 \N(TF S
1
),
where N(TF S
1
) is an equivariant tubular neighborhood of TF S
1
in TF/S1. Then U is a
(possibly nonorientable) manifold with boundary. Let k = dimSV . The condition d = 0
implies that dimU = k. Note that TF/S1 \ TF S
1
is Pin(2)/S1 = Z2-equivariantly homo-
topic to U . Then we have
HkS1(TF, TF
S1; πkS
V ) ∼= Hk(TF/S1, TF S
1
;Z) ∼= Hk(U, ∂U ;Z),
HkPin(2)(TF, TF
S1; πkS
V ) ∼= HkZ2(TF/S
1, TF S
1
; πkS
V ) ∼= HkZ2(U, ∂U ; πkS
V ),
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where HkG(·, ·; πkS
V ) is the Bredon cohomology group with coefficient G-module πkS
V .
Note that Hk(U, ∂U ;Z) is isomorphic to Z if U is orientable, and Z2 if U is nonorientable.
Since b+(Mi) ≥ dimB + 2 by the assumption, there exists a unique class β0 ∈ [TF, S
V ]S
1
q
which is null-homotopic. By Theorem A.8, it turns out that the difference obstruction
γS1(βi, β0) ∈ H
k
S1(TF, TF
S1; πkS
V ) ∼= Z or Z2,
gives the families Seiberg–Witten invariant as
FSW Z2(Xi, sXi) = γS1(βi, β0) mod 2.
By the additivity of the difference obstruction classes, we have
FSW Z2(X1, sX1)− FSW
Z2(X2, sX2) = γS1(β1, β0)− γS1(β2, β0) = γS1(β1, β2) mod 2.
Let
ϕ : HkPin(2)(TF, TF
S1; πkS
V )→ HkS1(TF, TF
S1; πkS
V )
be the forgetful map. Then the Pin(2)-equivariant difference obstruction γPin(2)(β1, β2) ∈
HkPin(2)(TF, TF
S1; πkS
V ) is related with the S1-equivariant one γS1(β1, β2) by
ϕ(γPin(2)(β1, β2)) = γS1(β1, β2)
The homomorphism ϕ is identified with the forgetful map
HkZ2(U, ∂U ; Z˜)→ H
k(U, ∂U ;Z)
which is given by multiplication of 2 (see Proposition A.9). Therefore
FSW Z2(X1, sX1)− FSW
Z2(X2, sX2) = ϕ(γPin(2)(β1, β2)) = 0 mod 2
holds. 
Remark 3.2. The idea to use that ϕ is given as multiplication of 2 has appeared in [1,22,23].
Remark 3.3. Let G = Pin(2). Since the G-action on B is trivial, we have an isomorphism
KOG(B) ∼= (KO(B)⊗ R(G;R))⊕ (K(B)⊗ R(G;C))⊕ (KSp(B)⊗ R(G;H)),
where R(G;F) is the free abelian group generated by irreducible G-representations over
the field F [41]. In our case, [indD] is in the component KSp(B)⊗ R(G;H), and [H+] is
in KO(B)⊗ R(G;R). Furthermore, we may assume
[indD] = [indD]0 ⊗ h1 [H
+] = [H+]0 ⊗ R˜
where
• [indD]0 ∈ KSp(B) is the class of the index bundle of D which is regarded as a
non-equivariant H-linear operator,
• h1 ∈ R(G;H) is a representation given by the multiplication of G on H,
• [H+]0 is the class of H
+ in KO(B) and R˜ is the G-representation given by compo-
sition of the projection G→ G/S1 = {±1} with multiplication on R.
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Let M0 = K3#n(S
2 × S2). Let s0 be the spin structure on M0 which is unique up to
isomorphism. We construct spin commuting diffeomorphisms f1, . . . , fn on M0 as follows.
Let ̺ be an orientation-preserving self-diffeomorphism of S2 × S2 which has the following
properties:
(1) There is a 4-ball B0 embedded in S
2 × S2 such that the restriction of ̺ on a
neighborhood N(B0) of B0 is the identity map on N(B0).
(2) ̺ reverses the orientation of H+(S2 × S2).
There are various ways to get such ̺, and we present one instance as follows. Let ̺′ be the
orientation-preserving self-diffeomorphism on S2 × S2 given by the direct product of the
complex conjugation on S2 = CP1. This diffeomorphism ̺′ acts on the intersection form
as (−1)-multiplication, so reverses a fixed orientation of H+, and admits a fixed point. By
deforming ̺′ by isotopy near a fixed point, we can get a fixed ball rather than a fixed point.
Then the deformed diffeomorphism ̺ satisfies the desired properties.
Choose n disjoint 4-balls B1, . . . , Bn ⊂ K3. We assume M0 is constructed by removing
B1, . . . , Bn from K3 and gluing n copies of S
2 × S2 \ B0. The construction of fi is as
follows. Assume M0 as the connected sum of the summand of the i-th S
2 × S2 with the
rest part M(i) := K3#(n− 1)S
2 × S2. Define fi by
fi = (̺ on the i-th S
2 × S2)# idM(i) .
Note that f1, . . . , fn obviously commute each other.
Remark 3.4. Let H+0 → T
n be the bundle of H+(M0). Let ℓ be the unique nontrivial real
line bundle over S1 and πi : T
n = S1× · · · ×S1 → S1 be the projection to the i-th S1. Let
ξn = π
∗
1ℓ⊕ · · · ⊕ π
∗
nℓ.
Then H+0
∼= ξn ⊕ R
3.
The following calculation using Theorem 3.1 allows us to obtain plenty of instances of
families with non-zero values of the families Seiberg–Witten invariants.
Proposition 3.5 ([5]). For (M0, s0) and f1, . . . , fn as above, the following hold.
(1) The set {f1, . . . , fn} is spin commuting. Let (X0, sX0) be the associated spin map-
ping torus.
(2) [indD0] = [H] ∈ KOPin(2)(T
n), where indD0 is the Dirac index bundle of (X0, sX0).
(3) FSW Z2(X0, sX0) = 1.
Proof. Lemma 2.6 implies the assertion (1). The assertion (2) is proved by Lemma 5.1
below. To prove the assertion (3), we use Theorem 1.1 of [5]. Let N = n(S2 × S2), and
assume M0 = K3#N . Let H
+
N be the bundle of H
+(N). Then H+N
∼= ξn. By Theorem 1.1
of [5],
FSW Z2(X0, sX0) = SW (K3, s0|K3) · 〈wn(ξn), [T
n]〉 = 1
holds. 
Combining Remark 3.4, Theorem 3.1 and Proposition 3.5, we obtain the following:
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Corollary 3.6. LetM be a closed smooth spin 4-manifold such that H∗(M ;Q) ∼= H∗(M0;Q).
Suppose that we have a smooth fiber bundle X → T n with fiber M and with a global spin
structure sX modeled by the given spin structure on M . Let indD be the Dirac index bun-
dle of (X, sX), and H
+ → T n be the bundle of H+(M) associated to X. Suppose that
[indD] = [H] ∈ KOPin(2)(T
n) and H+ ∼= ξn ⊕ R
3. Then we have
FSW Z2(X, sX) = 1.
Remark 3.7. Morgan–Szabo´ [29] proves the rigidity theorem that every homotopy K3
surface admits a Spinc-structure with trivial determinant line bundle whose Seiberg–Witten
invariant is congruent to 1 modulo 2. Corollary 3.6 can be considered as a family version
of Morgan–Szabo´’s theorem.
Theorem 3.8. Let M be a spin 4-manifold with sign(M) = −16 and b1(M) = 0. Suppose
that we have a smooth fiber bundle X → T n with fiber M and with a global spin structure
sX modeled by the given spin structure on M . Let indD and H
+ be as in Corollary 3.6.
Suppose [indD] = [H] and there exist a nonnegative integer a such that
H+ ∼= ξn ⊕ R
a.
Then
b+(M) ≥ n+ 3
holds.
Proof. The proof is parallel to the argument in Proposition 2.2 of [15]. By the assumption,
b+(M) ≥ n. Suppose n ≤ b+(M) < n + 3. Then 0 ≤ a < 3. Choose a vector bundle ξ
′
over T n such that
−[ξn] = [ξ
′]− Rl in KOS1(T
n).
Then, for some nonnegative integers x, y,
indD − [H+] = Hx+1 ⊕ Ry ⊕ ξ′ −Hx ⊕ Ry+l+a,
indD0 − [H
+
0 ] = H
x+1 ⊕ Ry ⊕ ξ′ −Hx ⊕ Ry+l+3.
Let F = Hx+1⊕Ry⊕ξ′ and V = Hx+1⊕Ry+l+a. Then the finite dimensional approximation
of the monopole map defines the class β ∈ [TF, SV ]
Pin(2)
q for sufficiently large x, y. By using
the inclusion V ⊂ V ⊕Rr and restricting the group action, we have a composition of maps:
[TF, SV ]
Pin(2)
q −−−→ [TF, SV⊕R
3−a
]
Pin(2)
q −−−→ [TF, SV⊕R
3−a
]S
1
q
deg
−−−→ Z2.
Repeating the proof of Theorem 3.1, we can deduce from Proposition 3.5 that the image
of the composition should be {1}.
On the other hand, the image of the composition of maps
[TF, SV ]
Pin(2)
q −−−→ [TF, SV ]S
1
q −−−→ [TF, S
V⊕R3−a ]S
1
q
deg
−−−→ Z2
should be {0} since SV is contractible in SV⊕R
3−a
. This is a contradiction. 
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In Lemma 5.1, shown in Section 5, we shall give a way to replace the assumption that
[indD] = [H] in Corollary 3.6 and Theorem 3.8 with a more geometric condition. Using
Lemma 5.1, we can obtain a much convenient results from Corollary 3.6 and Theorem 3.8.
Let M be a closed smooth spin 4-manifold and f1, . . . , fn be diffeomorphisms on M pre-
serving the orientation of M and s. If supp f1, . . . , supp fn are mutually disjoint, then by
Lemma 2.6, we can form the spin mapping torus (X, sX) for some lifts of f1, . . . , fn to the
spin structure.
Corollary 3.9. Let M and f1, . . . , fn satisfy the above conditions. Assume H
∗(M ;Q) ∼=
H∗(M0;Q) and H
+ ∼= ξn ⊕ R
3, where H+ → T n is the bundle of H+(M) associated with
f1, . . . , fn. Then we have
FSW Z2(X, sX) = 1.
Proof. By Lemma 5.1, either indD or − indD is represented by a trivial bundle, and
indCD = − sign(M)/8 = 2 by the index theorem. Therefore the assertion of the corollary
follows from Corollary 3.6. 
It is well-known that aK3 surface, which has b+ = 3, does not admit a self-diffeomorphism
reversing the orientation of H+(K3). On the other hand, K3#(S2×S2), which has b+ = 4,
admits such a self-diffeomorphism, e.g., the connected sum of the identity map on K3 and
̺ on S2 × S2.
Corollary 3.10. Let M be a 4-manifold with sign(M) = −16 and b1(M) = 0. Let s
be a spin structure on M and f1, . . . , fn on M be diffeomorphisms on M . Suppose that
f1, . . . , fn preserve s, and that supp f1, . . . , supp fn are mutually disjoint. Let H
+ → T n
be the bundle of H+(M) associated with f1, . . . , fn. Suppose that there exist a nonnegative
integer a such that
H+ ∼= ξn ⊕ R
a.
Then
b+(M) ≥ n+ 3
holds.
Proof. This follows from Lemma 2.6, Theorem 3.8, Lemma 5.1 and the index theorem as
well as the proof of Corollary 3.9. (Note that Diff+(M) = Diff(M) since sign(M) 6= 0.) 
4. Applications
In this section, we shall present two topological applications of our main results in
the previous section. The first application is to detect non-smoothable actions on 4-
manifolds. The second one is to detect non-smoothable families, which gives a new scope in
4-dimensional topology since such phenomenon does not seem to have been discussed so far.
We note that most 4-manifolds M which appear in this section have non-zero signature,
and for such M , the coincidences Diff+(M) = Diff(M) and Homeo+(M) = Homeo(M)
hold.
Let us denote by E8 the (unique) closed simply connected oriented topological 4-manifold
whose intersection form is the E8-lattice. In Theorem 4.1, for any m ≥ 3, we construct
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non-smoothable Zm−2-actions on the topological 4-manifold 2(−E8)#mS
2 × S2. Notice
that the 4-manifold 2(−E8)#mS
2×S2 is homeomorphic to K3#(m−3)S2×S2 and hence
admits a smooth structure.
Theorem 1.3 in the introduction is a corollary of the following theorem.
Theorem 4.1. Let m ≥ 3. Then the topological (but smoothable) 4-manifold M defined
by
M = 2(−E8)#mS
2 × S2
admits commuting self-homeomorphisms f1, . . . , fm with the following properties:
• For any distinct numbers i1, . . . , im−3 ∈ {1, . . . , m}, there exists a smooth struc-
ture on M such that fi1 , . . . , fim−3 are diffeomorphisms with respect to the smooth
structure.
• For any distinct numbers i1, . . . , im−2 ∈ {1, . . . , m}, there exists no smooth structure
on M such that all fi1, . . . , fim−2 are diffeomorphisms with respect to the smooth
structure.
Proof. Let us write the connected sum components of mS2 × S2 as
mS2 × S2 = #mi=1(S
2 × S2) = #mi=1Ni.
For each i ∈ {1, . . . , m}, let
fi : Ni → Ni
be the orientation-preserving self-diffeomorphism given by the copy of ̺ : S2×S2 → S2×S2
given in Section 3 onNi. Since fi has a fixed ball, we can extend fi as a self-homeomorphism
onto M by the identity map outside Ni. Let us write fi : M → M also for the extended
self-homeomorphism. Note that obviously supp f1, . . . , supp fm are mutually disjoint.
We first show that, for any distinct numbers i1, . . . , im−3 ∈ {1, . . . , m}, there exists a
smooth structure on M such that fi1 , . . . , fim−3 are diffeomorphisms with respect to the
smooth structure. For simplicity of notation, let us consider the case that i1 = 1, . . . , im−3 =
m−3. First, note that Freedman’s theorem (see for example [11]) implies that there exists
a homeomorphism
ϕ : 2(−E8)#
m
i=m−2Ni → K3.
For j ∈ {1, . . . , m−3}, denote byBj the (topologically) embedded 4-ball in 2(−E8)#
m
i=m−2Ni
which was used to define the extension of fj : Nj → Nj onto M . Let B
′
1, . . . , B
′
m−3 ⊂ K3
be smoothly embedded disjoint 4-balls. We can construct a self-homeomorphism ψ on
2(−E8)#
m
i=m−2Ni which maps Bj to ϕ
−1(B′j) for all j ∈ {1, . . . , m− 3}: By taking a suit-
able isotopy, we may assume each ϕ−1(B′j) is contained in the interior of Bj . Since the
boundary spheres of Bj and ϕ
−1(B′j) are locally-flatly embedded, the annulus theorem [33]
implies that Bj \ ϕ−1(B′j) is homeomorphic to S
3×I. Then we can find an ambient isotopy
which moves Bj to ϕ
−1(B′j). We can extend the homeomorphism
ϕ ◦ ψ : 2(−E8)#
m
i=m−2Ni → K3
to a homeomorphism
φ : M → K3#(m− 3)S2 × S2
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by forming the connected sum at B1, . . . , Bm−3 and B
′
1, . . . , B
′
m−3 with the identity map
on the (m− 3)-copies of S2 × S2. By construction, the composition
φ ◦ fj ◦ φ
−1 : K3#(m− 3)S2 × S2 → K3#(m− 3)S2 × S2.
is obviously a diffeomorphism for any j ∈ {1, . . . , m − 3}. This means that fj is a diffeo-
morphism on M equipped with the smooth structure of K3#(m− 3)S2 × S2 via φ.
The rest task is to show that fi1 , . . . , fim−2 are not smoothable at the same time for
distinct numbers i1, . . . , im−2 ∈ {1, . . . , m}. Set n = m − 2. Assume that fi1 , . . . , fin are
diffeomorphisms for some smooth structure onM . Let H+ → T n be the bundle of H+(M)
associated with fi1 , . . . , fin . Then H
+ ∼= ξn ⊕ R
2 holds. In fact, for each k ∈ {1, . . . , n},
the diffeomorphism fik reverses the orientation of H
+ for the ik-th component of S
2 × S2
of 2(−E8)#mS
2 × S2 and fik acts trivially on H
+ for the rest connected sum component.
Therefore we can apply Corollary 3.10 to M : it follows that b+(M) ≥ n+ 3 = m+ 1, but
obviously b+(M) = m. This is a contradiction.
This completes the proof of Theorem 4.1. 
Remark 4.2. Non-smoothable actions have been studied by many authors, but for groups
having several generators, there is only little previous work. Here we explain such work
briefly and compare it with Theorem 4.1. The third author [30] constructed a non-
smoothable Z2-action on the connected sum of an Enriques surface and S2 × S2. Y.
Kato [17] constructed a non-smoothable (Z/2)2-actions on certain spin 4-manifolds with
| sign | ≥ 64. D. Baraglia [3] constructed Z2-actions and (Z/2)2-actions on certain non-spin
4-manifolds. In these results, each of generators of Z2 or (Z/2)2 can be realized as a smooth
diffeomorphism for some smooth structure, so they are similar to Theorem 4.1 in this sense.
However, on the other hand, Theorem 4.1 provides a non-smootable Zn-action for all n ≥ 2
and the 4-manifold acted by Zn is different from that in all of the work explained in this
Remark.
Let M be an oriented topological manifold (possibly smoothable), B be a smooth man-
ifold, and M → X → B be a fiber bundle whose structure group is Homeo(M).
We say that the bundle X is smoothable as a family or X has a smooth reduction, if there
exists a smooth structure on M such that there is a reduction of the structure group of X
to Diff(M) with respect to the smooth structure via the inclusion Diff(M) →֒ Homeo(M).
If X is not smoothable as a family, we say that X is non-smoothable as a family or X has
no smooth reduction.
In Theorem 4.3, we shall construct a non-smoothable family whose fiber is the topological
4-manifold 2(−E8)#mS
2×S2. Here we use the following notation: Let [m] = {1, 2, . . . , m}.
For the m-torus Tm and a subset I = {i1, . . . , ik} ⊂ [m] with the cardinality |I| = k, denote
by T kI the embedded k-torus in T
m by taking the product of the i1, . . . , ik-th S
1-components.
Theorem 4.3. Let 3 ≤ m ≤ 6. Let M be the topological (but smoothable) 4-manifold
defined by
M = 2(−E8)#mS
2 × S2.
Then there exists a Homeo(M)-bundle M → X → Tm over the m-torus with the following
properties: Let I = {i1, . . . , ik} ⊂ [m] with the cardinality |I| = k.
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• The total space X admits a smooth manifold structure.
• If k ≤ m− 3, the restricted family
X|T k
I
→ T kI
has a smooth reduction for some smooth structure on M .
• If m− 2 ≤ k ≤ m, the restricted family,
X|T k
I
→ T kI
has no smooth reduction.
Proof. Let f1, . . . , fm be the self-homeomorphisms on M constructed in the proof of The-
orem 4.1. Let M → X → Tm be the multiple mapping torus for f1, . . . , fm. Then X is
a Homeo(M)-bundle. Note that, because of Lemma 2.8, we can have a global topological
spin structure on the bundle X .
Smoothability of X as a manifold will be verified in Proposition 6.3 in Section 6.
We verify that X|T k
I
→ T kI has no smooth reduction for I = {i1, . . . , ik} with k ≥ m− 2
by contradiction. First, note that, given a topological fiber bundle X → B and a subset
B′ ⊂ B, if the restriction X|B′ → B
′ is non-smoothable, then X → B is also. Hence
it is enough to verify the last conclusion for m − 2 ≤ k ≤ 4. Assume that X could be
smoothable as a bundle so that there exists a smooth structure on M such that there is
a reduction of the structure group of X to Diff(M) with respect to the smoothing. The
global topological structure induces a global spin structure and we have the family of Dirac
operators so that indD is defined.
Lemma 5.5 together with Lemma 5.8 in Section 5 ensure triviality indD = [H]. Moreover
the isomorphism H+ ∼= ξn ⊕ R
a holds for a = m − k ≤ 2, as explained in the proof of
Theorem 4.1. Therefore we can apply Theorem 3.8 to M so that the inequality b+(M) ≥
k + 3 ≥ m+ 1 should hold, but obviously b+(M) = m. This is a contradiction.
Lastly let us check that X|T k
I
→ T kI is smoothable for I = {i1, . . . , ik} with k ≤ m− 3.
The restriction X|T k
I
is the multiple mapping torus of fi1 , . . . , fik . By Theorem 4.1, there
exists a smooth structure on M such that fi1 , . . . , fik are diffeomorphisms. Therefore
the structure group of X|T k
I
obviously reduces to Diff(M) with respect to this smooth
structure. 
Remark 4.4. The assertion on non-smoothability of fi1, . . . , fim−2 in Theorem 4.1 obviously
follows from Theorem 4.3.
Remark 4.5. In the case ofm = 3 in Theorem 4.3, the second condition on the smoothability
of X|T k
I
turns no condition.
Remark 4.6. The non-smoothability of X given in Theorem 4.3 in the case that m = 3
follows from Morgan–Szabo´ [29] without using Theorem 4.3 as follows. The family X
in the case that m = 3 is a Homeo(M)-bundle M → X → T k with k = 1, 2, 3 and
M = 2(−E8)#3S
2×S2. This bundle is given as the multiple mapping torus for commuting
homeomorphisms supported in the 3S2 × S2-components. Assume that the family X is
smoothable as a family. Let us take a smooth structure on M = 2(−E8)#3S
2 × S2 for
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which the structure group of X has a reduction to the diffeomorphism group. Consider the
unique spin structure on the smooth 4-manifold. This 4-manifold has non-zero Seiberg–
Witten invariant for the spin structure by [29], and from this we can deduce that there
does not exist a diffeomorphism which reverses the orientation of H+. By restricting the
family to S1 embedded into T k = (S1)k as the first factor, we can get a smoothable family
over the circle M → X|S1 → S
1. Since this restricted family is the mapping torus of the
homeomorphism f1, the smoothability of X|S1 implies that f1 is topologically isotopic to
a diffeomorphism g on M . Since f1 reverses the orientation of H
+(M), so does g. This is
a contradiction.
Remark 4.7. If we have a non-smoothable family M → X → B, then the pull-back bundle
M → X ×B′ → B ×B′ is also non-smoothable for any space B′. Therefore, Theorem 4.3
implies that for m ≥ 3, there exists a non-smoothable Homeo(M)-bundle M → X → T
for M = 2(−E8)#mS
2 × S2 and any space T with T = Tm−2 ×B′.
One can verify a bit stronger result on the smoothability of X|S1 for any S
1 embedded
in Tm in Theorem 4.3.
Proposition 4.8. Let 4 ≤ m ≤ 6 and let M → X → Tm be the Homeo(M)-bundle given
in Theorem 4.3. Then for any homeomorphism ϕ : M → K3#(m − 3)S2 × S2 and any
embedding of S1 to Tm, the structure group of X|S1 reduces to Diff(M), where Diff(M)
is the diffeomorphism group with respect to the smooth structure on M defined as that of
K3#(m− 3)S2 × S2 via ϕ.
Proof. Equip with the smooth structure on M through ϕ. Take an embedding of S1 into
Tm. Note that X|S1 can be regarded as the mapping torus of a homeomorphism g on M .
Recall two classical results.
• Every algebraic automorphism of the intersection form ofM ∼= K3#(m−3)S2×S2
is induced from a diffeomorphism by a result of Wall [43].
• An algebraic automorphism of the intersection form corresponds to a homeotopy
class by a result of Quinn [34].
Therefore there exists a diffeomorphism on M which is topologically isotopic to g. This
means that the structure group of X|S1 reduces to Diff(M). 
The following corollary immediately follows from Theorem 4.3 and Proposition 4.8. The
homotopy quotient
Homeo(M) Diff(M) := (EDiff(M)×Homeo(M)) /Diff(M)
is a sort of quotient of Homeo(M) divided by Diff(M), which is used here since Diff(M) is
not closed in Homeo(M) with respect to a natural topology, such as the (C0-class) compact
open topology.
Corollary 4.9. We have
π1(Homeo(K3#S
2 × S2)  Diff(K3#S2 × S2)) 6= 0.
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Proof. Set M = K3#S2 × S2. The case that m = 4 of Theorem 4.3 and Proposition 4.8
implies that the fundamental group of the homotopy fiber of the natural map BDiff(M)→
B Homeo(M) is non-trivial. To finish the proof, just recall that this homotopy fiber is
homotopy equivalent to Homeo(M) Diff(M). 
Remark 4.10. Note that the argument of the proof in Corollary 4.9 is valid also for the
4-manifold as Z#S2 × S2 instead of K3#S2 × S2, where Z is an exotic K3. However, we
do not know an example of Z such that Z#S2 × S2 is not diffeomorphic to K3#S2 × S2.
5. Calculation of the index bundle
In this section, we shall give a couple of ways to ensure that the Dirac index bundle is
trivial for suitable families of 4-manifolds.
The next lemma is used in the proof of Theorem 4.1.
Lemma 5.1. Let M be a closed spin 4-manifold. Let f1, . . . , fn be spin commuting diffeo-
morphisms on M . Then the spin Dirac index bundle indD associated with f1, . . . , fn or
− indD is represented by a trivial bundle if supp f1, . . . , supp fn are mutually disjoint.
Proof. We use the excision formula of the index of families of Fredholm operators, and for
the sake of it, decompose M into n-pieces
M =M1 ∪Y1 · · · ∪Yn−1 Mn
so that supp fi ⊂ Mi for each i as follows. Set N0 := M . Let us define closed subsets
A1, B1 ⊂ N0 by A1 := supp f1 and B1 := supp f2 ⊔ · · · ⊔ supp fn. By Urysohn’s lemma,
we can take a continuous function χ˜1 : N0 → [−1, 1] such that χ˜1(A1) = {−1} and
χ˜1(B1) = {1}. By perturbing χ˜1, we can get a smooth function χ1 : N0 → [−3/2, 3/2]
such that χ1(A1) ⊂ [−3/2,−1] and χ1(B1) ⊂ [1, 3/2]. By Sard’s theorem, for a generic
point ǫ ∈ (−1, 1), the inverse image Y1 := χ
−1
1 (ǫ) is a 3-dimensional closed submanifold of
N0. Define M1 := χ
−1
1 ([−3/2, ǫ]) and N1 := χ
−1
1 ([ǫ, 3/2]). Then we get a decomposition
into codimension-0-submanifolds of N0 = M1 ∪Y1 N1 along Y1. Next, let us define closed
subsets A2, B2 ⊂ N1 by A2 := supp f2 ⊔ Y1 and B2 := supp f3 ⊔ · · · ⊔ supp fn. By the
same procedure, we can get a decomposition of N1 into codimension-0-submanifolds along
a 3-dimensional submanifold Y2 of intN2: N1 = M2 ∪Y2 N2. Note that Y1 is a closed
3-manifold. Proceeding these steps inductively, we can get a decomposition of M into
codimension-0-submanifolds
M =M1 ∪Y1 · · · ∪Yn−1 Mn
along closed 3-manifolds Y1, . . . , Yn−1. By construction, each supp fi is contained inMi. Let
Mi → Xi → S
1 be the mapping cylinder of fi. This bundle Xi is a bundle of a smooth 4-
manifold with boundary. Our multiple mapping cylinder M → X → T n is regarded as the
fiberwise sum of π∗1X1, . . . , π
∗
nXn along trivial bundles Y1×T
n → T n, . . . , Yn−1×T
n → T n,
where πi : T
n → S1 is the i-th projection. Denote by Mˆi the cylindrical 4-manifold obtained
by gluing Mi with ∂Mi × [0,∞). Then we can get a bundle of a cylindrical 4-manifold
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Mˆi → Xˆi → S
1, and can define the family of spin Dirac operators Di on Xˆi. Then, under
suitable weighted Sobolev norms (for example, see Nicolaescu’s book [31]), we can obtain
[indD] = [ind π∗1D1] + · · ·+ [ind π
∗
nDn](5.2)
in KOPin(2)(T
n) by the excision formula of the index of families.
Since [indDi] ∈ KSp(S
1)⊗R(G;H) and KSp(S1) = KSp(pt) = Z, indDi or − indDi is
represented by a trivial quaternion bundle in KOPin(2)(S
1) (see Remark 3.3). Hence indD
or − indD is the same by (5.2). 
Remark 5.3. We can induce the assumption indD = [H] in Corollary 3.6 and Theorem 3.8
from a more restrictive but more geometric condition, which is different from Lemma 5.1.
Assume that there exists a Riemannian metric on M which is invariant under the pull-
backs of all f1, . . . , fn. For example it suffices if all of f1, . . . , fn have finite order. Then
the group generated by them is finite since they mutually commute. So we can obtain an
invariant metric by taking the average of any metric by the action of the finite group. Let
us derive indD = [H] under the condition of existence of an invariant metric g0. Note
that we can employ g0 in the process of a finite dimensional approximation described in
Subsection 2(iii), since we do not require genericity of the metric. Then the family of the
Dirac operators D is the index bundle associated with the mapping torus of f1, . . . , fn,
and since g0 is an invariant metric, indD is a trivial bundle. Because of the usual index
calculation, the complex rank of the fiber of indD is |sign(M)|/8 = 2. Therefore we obtain
indD = [H].
Remark 5.4. We cannot apply Lemma 5.1 for the proof of Theorem 4.3. To verify non-
smoothability of X|T k
I
as a family, we proceed by a contradiction argument, and surely we
assume that X|T k
I
has a smooth reduction with respect to some smooth structure of the
fiber. However even when a smooth reduction is given, there is no guarantee that fi1 , . . . , fik
are diffeomorphisms, not just homeomorphisms, which is the required condition.
The index bundle is always trivial when the base space is a low-dimensional torus.
Lemma 5.5. Let (M, s) be a closed spin 4-manifold. Let B be a closed manifold and
X → T k be a fiber bundle with fibers M with a global spin structure sX modelled on s. Let
[indD] ∈ KOPin(2)(T
k) denote the class of the (virtual) index bundle of the family of spin
Dirac operators associated to X. If k ≤ 3, then [indD] or −[indD] is represented by a
trivial quaternion vector bundle.
Before proving the lemma, we give some preliminaries. By Remark 3.3, we may assume
[indD] is in KSp(T n)⊗ R(Pin(2);H) and can be written as
[indD] = [indD]0 ⊗ h1
where [indD]0 ∈ KSp(T
n) is the class of the index bundle of D as an non-equivariant
H-linear operator, and h1 ∈ R(Pin(2);H) is the representation given by the multiplication
of Pin(2) on H. Then we have a useful decomposition of the KSp-groups of T n.
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Proposition 5.6 ([14, Lemma 31 and Remark 32]). For integers q and p with p ≥ 0, we
have an isomorphism
KSpq(T n × Rp) ∼=
⊕
S⊂[n]
KSpq(RS × Rp),
where S runs through all the subsets of [n] = {1, 2, . . . , n} and RS is defined as follows: Let
Rk be the k-th component of R
n. Then RS =
∏
k∈S Rk if S 6= ∅, and R
S = {pt} if S = ∅.
Proof. Consider the exact sequence
(5.7)
· · · −−−→ KSpq((T n, T n−1)× Rp)
j∗
−−−→ KSpq(T n × Rp)
h∗
−−−→ KSpq(T n−1 × Rp) −−−→ · · · .
By using excision, the first term is identified with
KSpq((T n, T n−1)× (Rp ∪ {∞}, {∞})) ∼= KSpq(T n−1 × Rp+1).
Then j∗ is identified with the push-forward map i! : KSp
q(T n−1×Rp+1)→ KSpq(T n×Rp)
induced from an open embedding i : R → T 1 ⊂ T n. Let π : T n × Rp → T n−1 × Rp be
the projection. Then π∗ gives a right-inverse of h∗. Therefore the above sequence splits.
Moreover h∗ is a surjection, and then j∗ turns out to be an injection. Hence we obtain an
isomorphism
i! + π
∗ : KSpq(T n−1 × Rp+1)⊕KSpq(T n−1 × Rp)
∼=
→ KSpq(T n × Rp).
By an induction on the cardinality |S| of S, the propostiion is proved. 
Proof of Lemma 5.5. Note that KSp(pt) = Z, KSp(Rq) = 0 for q = 1, 2, 3. (See e.g.
[42, Chapter 11].) If k ≤ 3, Proposition 5.6 implies that
KSp(T k) ∼= KSp(pt) ∼= Z.
This means that every element in KSp(T k) is represented by a trivial bundle and classified
by its rank over H if k ≤ 3. Therefore [indD]0, and hence [indD], is represented by a
trivial bundle. 
The following lemma consists of the main part of this section. The argument is based on
the famous fact by Novikov that the rational Pontrjagin classes are topological invariants.
Lemma 5.8. Let M → X → Tm be the topological bundle given in the proof of Theo-
rem 4.3. For I ⊂ [m] with k = |I| = 4, suppose X|T 4
I
has a smooth reduction. Then the
Dirac index bundle satisfies [indD] = [H].
Before giving the proof of Lemma 5.8, let us describe strategy of the proof and give some
preliminaries. Denote X|T 4
I
by XI and T
k
I by TI . Suppose XI is smoothable as a family
and a smooth reduction is given. We will proceed in the following way.
• We verify that the forgetful map c : KSp(T 4)→ K(T 4) is injective.
• Hence it suffices to prove the image of [indD] by c is represented by a trivial complex
bundle.
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• Since the complex K-group of the base space TI is torsion-free, it suffices to prove
that Ch(indD) is in H0(TI ;Q).
• By the index theorem for families (5.13), it suffices to check p21 = 0 and pi = 0
for i ≥ 2, where pi are the rational Pontrjagin classes of the tangent bundle along
fibers T (XI/TI) of XI → TI .
It is well-known that the rational Pontrjagin classes of a Rn-bundle depend only on its
topological type. In fact, the rational Pontrjagin classes can be defined not only for a
vector bundle, but also for a topological Rn-bundle whose structure group is in the group
TOPn of self-homeomorphisms on R
n preserving the origin. Furthermore the rational
Pontrjagin classes of a bundle are determined by the isomorphism class as a topological
bundle, and do not depend on vector bundle structures on it. (See Rudyak [39, Chapter 3].
This generalizes the Novikov’s theorem.) Therefore the rational Pontrjagin classes pi of the
tangent micro-bundle along fibers τ(XI/TI) are defined over the underlying topological R
n-
bundle of T (XI/TI) without use of smooth structure. We will prove the required properties
for pi directly on τ(XI/TI) from the construction of the topological bundle XI .
We recall some classical objects in differential topology.
5(i). Universal Pontrjagin classes. Let us introduce the rational Pontrjagin classes for
topological Rn bundles. (See Rudyak [39].) It is known that the forgetful map α : BO →
BTOP induces an isomorphism of their rational cohomology groups
α∗ : H∗(BTOP ;Q)
∼=
→ H∗(BO;Q).
Recall that H∗(BO;Q) is generated by the universal Pontrjagin classes punivi . Then we can
assume by the identification via α∗
H∗(BTOP ;Q) = H∗(BO;Q) = Q[puniv1 , p
univ
2 , . . .].
The stable class of a topological Rn-bundle ξ → B is classified by its classifying map
t : B → BTOP . Define the rational Pontrjagin class pi(ξ) by
pi(ξ) = t
∗punivi .
5(ii). Rational localization. Below we utilize the Q-localizations BO[0] and BTOP [0]
of BO and BTOP . Their existence of the Q-localizations is guranteed by the facts that
BO and BTOP are both infinite loop spaces, and hence H-spaces. (See Theorem A and
Theorem C of [7].) In general an H-space is a simple space, and hence is a nilpotent space
for which a Q-localization can be constructed. (See, for example, Corollary 1.4.5 and §5.3
of [26].)
5(iii). Tangent micro-bundle. We clarify notion of the tangent micro-bundle along fibers
of a topological bundle M → X
pi
→ B. Denote the fiber of X over b ∈ B by Mb and define
the space E by
E = {(x, y) ∈ X ×X | y ∈Mpi(x)}.
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Note that E contains the diagonal set ∆X = {(x, x) | x ∈ X}. Then the tangent micro-
bundle along fibers τ(X/B) of M → X→B is given by
(5.9) τ(X/B) : X
∆
−−−→ E
pi1−−−→ X,
where ∆ is the diagonal map, and π1 is the projection to the first component. Then it is
an excercise to show the followings.
• The sequence (5.9) defines a micro-bundle in Milnor’s sense [27]. (By Kister-
Mazur’s theorem [19], the micro-bundle determines a topological Rn-bundle which
is unique up to isomorphism.)
• τ(X/B) is the underlying micro-bundle of the tangent bundle along fibers T (X/B),
if a reduction of the structure group of M → X → B to Diff(M) is given.
Lemma 5.10. Let f : N → N be an orientation-preserving diffeomorphism on N =
S2 × S2. Assume that f has a fixed embedded ball B4 ⊂ N . Let Nf → S
1 be the mapping
torus of f . Define a map
φ : (T k−1 ×Nf , T
k × B4)→ (BO[0], pt)
as the composition of the classifying map T k−1 × Nf → BO of the tangent bundle along
the fiber T ((T k−1 × Nf)/T
k) of the fiber bundle T k−1 × Nf → T
k and the natural map
BO → BO[0]. Then φ is homotopic to the constant map onto (pt, pt) ⊂ (BO[0], pt).
Proof. Note that
πi(BO[0]) = πi(BO)⊗Q =
{
Q i = 0 mod 4,
0 i 6= 0 mod 4.
Let u : BO[0] → BO[0] be the identity map and u0 : BO[0] → {pt} ⊂ BO[0] be the
map onto a point in BO[0]. Then the primary difference obstruction δ(u, u0) is non-zero
in H4(BO[0]; π4(BO[0])) ∼= H
4(BO[0];Q) ∼= Q[puniv1 ]. Therefore there is r ∈ Q \ {0} such
that rδ(u, u0) = p
univ
1 .
In general, let N be an oriented closed and simply connected 4-manifold, τ : N → BO[0]
be the composition of the classifying map N → BO of the tangent bundle of N and the
natural map BO → BO[0], and τ0 : N → {pt} → BO[0] be the map onto a point of BO[0].
We claim that τ is homotopic to τ0 if p1(N) = 0. Since πi(BO[0]) = 0 for 0 < i < 4 and
H i(N ;Q) = 0 for i > 4, the difference obstruction δ(τ, τ0) ∈ H
4(N ; π4(BO[0])) is the sole
obstruction to homotoping τ to τ0. Because of the naturality of the obstruction class, we
have p1(N) = τ
∗puniv1 = rτ
∗δ(u, u0) = rδ(τ, τ0) in H
4(N ;Q). Therefore, if p1(N) = 0, we
have δ(τ, τ0) = 0, and hence τ is homotopic to the constant map τ0. In particular, if we
take N = S2 × S2, since S2 × S2 has trivial signature, we have p1(S
2 × S2) = 0, and thus
we can deduce that τ is homotopic to a constant map onto a point in BO[0]. Similarly, if
we fix an embedded ball B4 ⊂ S2 × S2 and fix a trivialization of T (S2 × S2) over B4, we
can conclude that the pairwise map τ : (S2 × S2, B4) → (BO[0], pt) is homotopic to the
map onto (pt, pt) ⊂ (BO[0], pt).
Next, let f : N → N be an orientation-preserving diffeomorphism on N = S2 × S2.
Assume that f has a fixed embedded ball B4 ⊂ N . Let Nf → S
1 be the mapping torus
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of f . By Serre spectral sequence, one can easily see that H4(Nf ;Q) ∼= H
4(N ;Q), and
p1(T (Nf/S
1)) corresponds to p1(N) via this isomorphism, therefore we have p1(T (Nf/S
1)) =
0. Using T (Nf/S
1) instead of T (N) in the last paragraph, we can see that the compo-
sition τf : Nf → BO[0] of the classifying map Nf → BO of T (Nf/S
1) and the natu-
ral map BO → BO[0] is homotopic to a constant map onto a point in BO[0]. Simi-
larly, the map τf : (Nf , S
1 × B4) → (BO[0], pt) is homotopic to the constant map onto
(pt, pt) ⊂ (BO[0], pt). Let φ : T k−1 × Nf → BO[0] be the composition of the classify-
ing map of T ((T k−1 × Nf)/T
k) → T k−1 × Nf and the natural map BO → BO[0]. Since
φ = p∗τf , where p : T
k−1×Nf → Nf , we have that φ is homotopic to a constant map, and
similarly φ : (T k−1×Nf , T
k−1×S1×B4)→ (BO[0], pt) is homotopic to the constant map
onto (pt, pt) ⊂ (BO[0], pt). 
To proceed the proof of Lemma 5.8, let us describe several facts on K-theory. Firstly it
is easy to see that the complex K-group of T n admits a decomposition:
(5.11) K(T n) ∼=
⊕
S⊂[n]
K(RS).
(The proof is parallel to that of Proposition 5.6.)
Let c : KSp(B)→ K(B) be the forgetful map which forgets the quaternion structure.
Lemma 5.12. The forgetful map c : KSp(T n) → K(T n) is identified with the direct sum
of the forgetful maps cS : KSp(R
S)→ K(RS). That is,
c =
∑
S⊂[n]
cS
Proof. The forgetful map c builds a bridge between the exact sequence (5.7) and the cor-
responding exact sequence of the complex K-groups, which gives rise to a commutative
diagram:
KSp(T n−1 × R)⊕KSpq(T n−1)
i!+pi
∗
−−−→
∼=
KSp(T n)
c
y cy
K(T n−1 × R)⊕K(T n−1)
i!+pi
∗
−−−→
∼=
K(T n)
Thus c : KSp(T n)→ K(T n) is identified with the direct sum of the forgetful maps:
KSp(T n−1 × R)⊕KSp(T n−1)→ K(T n−1 × R)⊕K(T n−1)
via the isomorphisms i! + π
∗. Inductively, the lemma is proved. 
Proof of Lemma 5.8. Suppose XI is smoothable as a family and a smooth reduction is
given. Let T (XI/TI)→ XI be the tangent bundle along the fiber. By Proposition 5.6 and
(5.11), we have the splittings
KSp(T 4) ∼=KSp(pt)⊕KSp(R4) ∼= Z⊕ Z,
K(T 4) ∼=K(pt)⊕K(R4) ∼= Z⊕ Z.
RIGIDITY OF THE SEIBERG-WITTEN INVARIANTS FOR SPIN FAMILIES 31
Since cS : KSp(R
S) → K(RS) is injective if S = ∅ or |S| = 4, Lemma 5.12 implies that
the forgetful map c : KSp(T 4) → K(T 4) is injective. In order to verify [indD] = [H], it
suffices to check that c([indD]) = [C2].
Since K(T k) is torsion free, the Chern character Ch : K(T k) → Heven(T k;Q) is also
injective. The index theorem for families gives the equality
(5.13) Ch(c([indD])) =
∫
fiber
Aˆ(T (XI/TI)),
and the integrand is expressed by a polynomial of rational Pontrjagin classes, and so
belongs to H4∗(TI ;Q). Denote by pi = pi(T (XI/TI)) ∈ H
4i(XI ;Q) the rational Pontrjagin
classes of T (XI/TI).
Once we have seen the vanishings p21 = 0 and pi = 0 for i ≥ 2 in H
∗(XI ;Q), then the
Aˆ-genus of T (XI/TI) is given by Aˆ(T (XI/TI)) = 1 − p1/24. Then Ch(c([indD])) is in
H0(TI ;Q) = Q and actually it coincides with − sign(M)/8 = 2. This implies c([indD]) =
[C2].
Thus it suffices to verify p21 = 0 and pi = 0 for i ≥ 2. Note that pi = 0 hold for i ≥ 3,
since rankR T (XI/TI) = 4. Hence we just need to check p
2
1 = 0 and p2 = 0. One can verify
such vanishings directly in the topological category from the construction of X .
Consider W = T k ×M ′ where M ′ = 2(−E8)#(m − k)S
2 × S2. Let τM ′ and τ(W/T k)
be the tangent micro-bundle of M ′ and the one along the fiber of W respectively. Then
we have τ(W/T k) ∼= π∗2τM
′, where π2 : W → M
′ is the projection. Then the vanishings
follow
(5.14) p1(τ(W/T
k))2 = 0, pi(τ(W/T
k)) = 0 for i ≥ 2.
Now decompose XI as
XI =
(
T k × (M ′ \ ⊔ki=1B
4
i )
)
∪
k⊔
i=1
(T k−1 ×
(
Nfi \ S
1 ×B4i )
)
,
where N = S2 × S2 and B4i are embedded balls. Let
κ : XI → T
k ×M ′
be the collapsing map which collapses each T k−1 × (Nfi \ S
1 × B4i ))-part into T
k × ∗. Let
ψ : XI → BTOP [0] be the composition of the classifying map XI → BTOP of the
tangent micro-bundle along the fiber τ(XI/TI) with the natural map BTOP → BTOP [0].
Let ψ′ : T k×M ′ → BTOP [0] be the similarly defined map. By Lemma 5.10, the restriction
ψ : (T k−1 ×Nfi , T
k × B4i )→ (BTOP [0], pt)
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is homotopic to the constant map onto (pt, pt) ⊂ (BTOP [0], pt). Then the following
diagram is homotopy-commutative.
XI
ψ
//
κ

BTOP [0]
T k ×M ′
ψ′
88
q
q
q
q
q
q
q
q
q
q
Therefore we have
pi = ψ
∗punivi = κ
∗(ψ′)∗punivi = κ
∗pi(τ((T
k ×M ′)/T k).
By combining this with (5.14), we obtain p21 = 0 and pi = 0 for i ≥ 2. This completes the
proof of the lemma. 
Remark 5.15. One can verify c([indD]) = [C2] in more general setting. In fact, the fol-
lowing follows by an argument as above. For arbitrary m, let M and f1, . . . , fm be as
in Theorem 4.1. Let M → X → Tm be the multiple mapping torus for f1, . . . , fm. If
XI → TI is smoothed as a family for any I ⊂ [m], then we have c([indD]) = [C
2]. On
the other hand for the proof of Theorem 4.3, we need indD = [H], but the forgetfull map
c : KSp(Rq)→ K(Rq) is not injective if q ≡ 5, 6 mod 8. Hence we can apply our argument
to the proof of Theorem 4.3 only when m ≤ 6, k ≤ 4.
6. Smoothing of the total spaces
In this section, we give a proof of the smoothablitiy of the total spaces of the non-
smoothable bundles given in Theorem 4.3. A basic tool in this section is Kirby–Siebenmann
theory [18]. We refer readers to Rudyak’s good expository book [39] of the “Essays” [18].
Lemma 6.1. The topological 5-manifold S1 × 2(−E8) admits a smooth structure.
Proof. For a topological manifold W , let us denote by ∆(W ) ∈ H4(W ;Z/2) the Kirby–
Siebenmann invariant. If W is of dimension 5 and written as W = S1 × N for a simply-
connected and closed topological 4-manifold N , we have H4(W ;Z/2) ∼= H4(N ;Z/2) by
a Ku¨nneth theorem, and ∆(W ) corresponds to ∆(N) via this isomorphism. This follows
from the definition of the Kirby–Siebenmann invariant as an obstruction class. Since the
Kirby–Siebenmann invariant is additive with respect to the connected sum of topological
4-manifolds, we have ∆(2(−E8)) = 0, and thus we get ∆(S
1 × 2(−E8)) = 0. Recall
that, for a closed topological manifold of dimension 5, the Kirby–Siebenmann invariant
is the only obstruction to the smoothability. Therefore this proves that S1 × 2(−E8) is
smoothable. 
Following Schultz’s survey [40], we give a smoothing result of a topological embedding
of the circle into a higher-dimensional smooth manifold here:
Lemma 6.2. Let W be a smooth manifold of dimension d ≥ 5, and f : S1 × Rd−1 → W
be a topological embedding, i.e. a homeomorphism onto its image. Then there exists a
topological isotopy
{Ft : S
1 × Rd−1 → f(S1 × Rd−1) ⊂W}t∈[0,1]
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such that F0 = f holds and F1 : S
1 × Rd−1 →W is a smooth embedding.
Proof. Set U := f(S1 × Rd−1). We can equip the open topological manifold U with the
smooth structure defined as the restriction of the smooth structure of W , and also with
the smooth structure coming from the standard smooth structure of S1 × Rd−1 via f . By
Kirby–Sieebenmann theory (see page 194 of the Essays [18], and note that “concordant
implies isotopy” in dim ≥ 5), there is a bijection from the set of smoothing of U up to
isotopy to [U, TOP/O] ∼= [S1, TOP/O], which is just a single point since TOP/O is known
to be 2-connected. Hence smoothing of U is unique up to isotopy. Therefore there exists
a diffeomorphism
g : S1 × Rd−1 → U,
where U is equipped with the restricted smooth structure of W , and a topological isotopy
Ft : S
1 × Rd−1 → U
such that F0 = f and F1 = g. 
The following proposition is the goal of this section:
Proposition 6.3. The total spaces X of non-smoothable bundles given in Theorem 4.3 are
smoothable as manifolds.
Proof. Set W = S1×2(−E8), which admits a smooth structure by Lemma 6.1. Henceforth
we fix a smooth structure onW . Fix a point p ∈ 2(−E8) and whose disk-like neighborhood
B4 ⊂ 2(−E8). Then the map S
1 →W given by t 7→ (t, p) induces a topological embedding
f : S1×R4 →W . Note that T n×(2(−E8)\B
4) = T n−1×(W \S1×B4), where S1×B4 is the
image of f . By Lemma 6.2, f can be deformed into a smooth embedding g : S1×R4 →W
via a topological isotopy. This gives a homeomorphism
ϕ : X1 → X
′
1,
where
X1 := (T
n × 2(−E8)) \ (T
n−1 × f(S1 ×R4)), X ′1 := (T
n × 2(−E8)) \ (T
n−1 × g(S1 ×R4)).
Note that, although X1 is just a topological manifold, X
′
1 is a smooth manifold.
Let f1, . . . , fm be the homeomorphisms used in the construction of X given in The-
orem 4.3. Recall that they act trivially on 2(−E8), and smoothly on mS
2 × S2. Let
E → T n be the mapping torus of mS2×S2 by commuting diffeomorphism f1, . . . , fm. Let
D4 be a fixed ball common for all of f1, . . . , fm. (If we need, we may find such a ball by de-
forming f1, . . . , fm by smooth isotopy.) Then X can be regarded as a topological manifold
obtained by gluing the topological manifold X1 and a smooth manifold X2 := E\(T
n×D4)
via a homeomorphism. Since X1 is homeomorphic to a smooth manifold X
′
1 via ϕ, the
topological manifold X = X1 ∪ X2 is also homeomorphic to a smooth manifold, namely,
X is smoothable as a manifold. 
Appendix A. Classical obstruction theory
In this appendix, for readers’ convenience, we review some basic stuffs of equivariant
obstruction theory. See tom Dieck’s book [8] for details.
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A(i). G-CW complexes. Let G be a compact Lie group.
Definition A.1. A G-CW complex is a CW complex K := (Kn) where zero cells are given
by
K0 = ⊔σ G/Hσ,
and n cells are by
Kn = ⊔σ G/Hσ ×D
n
where Hσ ⊂ G is a closed subgroup.
The characteristic map is a G-map
aσ : G/Hσ × S
n−1 → Kn−1
and we equip with the colimit topology.
For a pair of G-CW complexes (X,A), we always assume that G acts on X\A freely.
Consider the long exact sequence of homology groups over Z
· · · → Hn+1(Xn+1, Xn)
∂
−→ Hn(Xn, Xn−1)→ · · ·
Let G0 ⊂ G be the connected component. G/G0 acts on each Hn(Xn, Xn−1). Hence
Cn(X,A) := Hn(Xn, Xn−1)
is a Z[G/G0] module.
More generally let M be a Z[G/G0] module. Then we have the cochain complex
C∗G(X,A) := HomZ[G/G0](C∗(X,A);M)
whose cohomology group H∗G(X,A;M) is called the Bredon cohomology.
Lemma A.2. There is a chain isomorphism
C∗(X,A) ∼= C∗(X/G0, A/G0).
Proof. Let φ : ⊔j G × (D
n
j , S
n−1
j ) → (Xn, Xn−1) be the characteristic maps. By excision,
we have the isomorphisms
⊕j Hn(G× (D
n
j , S
n−1
j ))
∼= Hn(Xn, Xn−1).
The former is isomorphic to
⊕j Hn(G/G0 × (D
n
j , S
n−1
j ))
∼= Hn(Xn/G0, Xn−1/G0).
by another excision. 
Corollary A.3.
HnG(X,A;M)
∼= HnG/G0(X,A;M).
Let Y be a path connected G-space. Assume moreover that it is n-simple in the sense
that the action of π1(Y, y0) on πn(Y, y0) is trivial. Then there is one to one correspondence
πn(Y, y0) ⇔ [S
n, Y ]
where the right hand side is the space of free homotopy of maps.
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Since Y is a G-space, there is an action
G/G0 → Aut(πn(Y ))
which gives a Z[G/G0] module structure on M := πn(Y ).
Example A.4. Let G = Pin(2) with G0 = S
1. So G/G0 = Z2. Let V be a finite
dimensional unitary representation of G with dimV = n. The one point compactification
SV of V admits a G action, and hence Z2 acts on
M := πn(S
V ) ∼= Z
through the quotient homomorphism G→ G/G0 = {±1}.
Let U be a manifold on which G acts freely. Then for the pair (X,A) := (U, ∂U), put a
bundle or a covering space
l := U ×G Z→ U/G.
Then there are isomorphisms
HnG(U, ∂U ;M)
∼= HnZ2(U/G0, ∂U/G0;M)
∼= Hn(U/G, ∂U/G; l).
A(ii). G-equivariant obstruction class. Given a G-map A → Y . A basic idea is to
extend it to inductively from Xk → Y to Xk+1 → Y G-equivariantly, and finally to get a
map X → Y .
Theorem A.5. For n ≥ 1, there is an exact sequence
[Xn+1, Y ]
G → im
{
[Xn, Y ]
G → [Xn−1, Y ]
G
} Cn+1
−−−→ Hn+1G (XA; πnY ).
Let us describe the construction of the map Cn+1 above. We construct a map to the
cochain
[Xn, Y ]
G C
n+1
−−−→ Cn+1G (X,A; πn(Y )).
Take [h] ∈ [Xn, Y ]G, and consider the diagram
Hn+1(Xn+1, Xn)
ρ
←− πn+1(Xn+1, Xn)
∂
−→ πn(Xn)
h∗−→ πn(Y ) = [S
n, Y ]
where ρ is the Hurewicz homomorphism.
ker ρ = 〈x− αx|α ∈ π1(Xn)〉, and h∗ ◦ ∂(x − αx) = 0 holds, if Y is n-simple. Hence
Cn+1(h) ∈ Cn+1G (X,A; πn(Y )) = HomZ[G/G0](Cn+1(X,A); πn(Y ))
= HomZ[G/G0](Hn+1(Xn+1, Xn); πn(Y ))
given by
Cn+1(h) := h∗ ◦ ∂ ◦ ρ
−1
is well-defined.
Proposition A.6. Let Y be n − 1-connected and n-simple. Then any continuous map
f : A→ Y is extendable to a continuous map f : Xn → Y .
Moreover two such extensions are homotopic rel A.
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Definition A.7. Let f : A → Y be a continuous map. The primary obstruction class is
given by
γ(f) := Cn+1(f˜) ∈ Hn+1G (X,A; πn(Y ))
where f˜ : Xn → Y is any extension.
Next consider the suspension isomorphism
HnG(X,A;M)
∼= Hn+1G (X
∗, A∗;M)
where
(X∗, A∗) := (I, ∂I)× (X,A) = (X × I, I × A ∪ ∂I ×X).
Given F : I × A ∪ ∂I ×X and denote fi := F |{i}×X for i = 0, 1 with f : A→ Y .
The difference obstruction class is given by
γ(f0, f1) := C
n+1(F ) ∈ Hn+1G (X
∗, A∗; πn(Y )) ∼= H
n
G(X,A; πn(Y )).
Given f0 : X → Y , and denote
[X, Y ]GA := { G-homotopy classes rel A of f : X → Y with f A = f0|A } .
Theorem A.8. There is one to one correspondence by f ↔ γ(f, f0)
[X, Y ]GA ⇔ H
n
G(X,A; πn(Y )).
A(iii). The image of forgetful map. Let U be an n-dimensional compact (possibly
non-orientable) manifold with boundary ∂U 6= φ. Assume that Z2 acts freely on the pair
(U, ∂U) with the quotient map
π : (U, ∂U)→ (U¯ , ∂¯U) = (U/Z2, ∂U/Z2).
Consider a real n-dimensional repesentation V of Z2. For Y = S
V , Z2 acts on πn(Y ) ∼= Z.
Proposition A.9 (Cf. [8, II.4]). The image of the forgetful map
ϕ : HnZ2(U, ∂U ; πn(Y ))→ H
n(U, ∂U ;Z)
is 2Z if U is orientable, and {0} if U is non-orientable.
Proof. We have the bundle
l := U ×Z2 πn(Y )→ U¯ .
Since the Z2-action on (U, ∂U) is free, the Bredon cohomology H
n
Z2
(U, ∂U ; πn(Y )) is identi-
fied with the l-coefficient cohomology Hn(U¯ , ∂¯U ; l), and we have the commutative diagram
HnZ2(U, ∂U ; πn(Y ))
∼=
−−−→ Hn(U¯ , ∂¯U ; l)
ϕ
y ypi∗
Hn(U, ∂U ;Z) Hn(U, ∂U ;Z)
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The conclusion follows from the commutative diagram below
Hn(U¯ , ∂¯U ; l) −−−→ Hn(U¯ , ∂¯U ; l ⊗ Z2)
∼=
−−−→ Hom(Hn(U¯ , ∂¯U ;Z2),Z2) ∼= Z2
pi∗
y y 0y
Hn(U, ∂U ;Z) −−−→ Hn(U, ∂U ;Z2)
∼=
−−−→ Hom(Hn(U, ∂U ;Z2),Z2) ∼= Z2
The right vertical map is zero since it is induced from the quotient map of the double cover
(U, ∂U)→ (U¯ , ∂¯U).

Addendum.
After we uploaded the first version of this paper on arXiv, David Baraglia informed the
second author about a draft of his paper [4], which generalizes Corollary 1.5. We note
that his argument in its proof is different from ours.
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